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Curve shortening and the topology 
of closed geodesies on surfaces 

By Sigurd B. Angenent* 
Abstract 

We study "flat knot types" of geodesies on compact surfaces M^. For 
every flat knot type and any Riemannian metric g we introduce a Conley index 
associated with the curve shortening flow on the space of immersed curves on 
M^. We conclude existence of closed geodesies with prescribed flat knot types, 
provided the associated Conley index is nontrivial. 

1. Introduction 

If M is a surface with a Riemannian metric g then closed geodesies on 
{M,g) are critical points of the length functional ^(7) = J\j'{x)\dx defined 
on the space of unparametrized immersed curves with orientation, i.e. we 
consider closed geodesies to be elements of the space 

= Imm(5\M)/Diff+(S^). 

Here lmm{S\M) = {7 G C^{S\M) \ / for all ^ G S^} and Diff+(5i) 
is the group of orientation preserving difFeomorphisms of = M/Z. (We 
will abuse notation freely, and use the same symbol 7 to denote both a con- 
venient parametrization in C^(S'^; M), and its corresponding equivalence class 
in n.) 

The natural gradient flow of the length functional is given by curve short- 
ening, i.e. by the evolution equation 

In 1905 Poincare [33] pointed out that geodesies on surfaces are immersed 
curves without self-tangencies. Similarly, different geodesies cannot be tan- 
gent - all their intersections must be transverse. This allows one to classify 
closed geodesies by their number of self-intersections, or their "flat knot type," 
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and to ask how many closed geodesies of a given "type" exist on a given surface 
{M,g). Our main observation here is that the curve shortening flow (1) is the 
right tool to deal with this question. 

We formalize these notions in the following definitions (which are a special 
case of the theory described by Arnol'd in [13].) 

Flat knots. A curve j £ Q is a flat knot if it has no self-tangencies. Two 
flat knots a and /? are equivalent if there is a continuous family of flat knots 
{le \ < 9 < 1} with 7o = a and 71 = 

Relative flat knots. For a given finite collection of immersed curves, 

r = {7i,---,7iv}cO, 

we define a flat knot relative to T to be any 7 G J7 which has no self-tangencies, 
and which is transverse to all 7^ G F. Two flat knots relative to F are equivalent 
if one can be deformed into the other through a family of flat knots relative 
to F. 

Clearly equivalent fiat knots have the same number of self-intersections 
since this number cannot change during a deformation through flat knots. The 
converse is not true: Flat knots with the same number of self-intersections need 
not be equivalent. See Figure 1. Similarly, two equivalent flat knots relative 
to F = {71, . . . ,7Ar} have the same number of self-intersections, and the same 
number of intersections with each jj. 




In this terminology any closed geodesic on a surface is a flat knot, and 
for given closed geodesies {71, . . . , 7;v} any other closed geodesic is a flat knot 
relative to {71, . . . , 7Ar}. 

One can now ask the following question: Given a Riemannian metric g 
on a surface M, closed geodesies 71, ... , 'jn for this metric, and a flat knot a 
relative to F = {71, . . . ,jn}, how many closed geodesies on {M,g) define flat 
knots relative to F which are equivalent to a? In this paper we will use curve 
shortening to obtain a lower bound for the number of such closed geodesies 
which only depends on the relative flat knot a, and the linearization of the 
geodesic flow on (TM, g) along the given closed geodesies 7^ . 
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Our strategy for estimating the number of closed geodesies equivalent to a 
given relative flat knot a is to consider the set C O of all flat knots relative 
to r which are equivalent to a. This set turns out to be almost an isolating 
block in the sense of Conlcy [17] for the curve shortening flow. Wc then define a 
Conley index h{Ba) of Ba and use standard variational arguments to conclude 
that nontriviality of the Conley index of a relative flat knot implies existence 
of a critical point for curve shortening in Ba- 

To do all this we have to overcome a few obstacles. 

First, the curve shortening flow is not a globally defined flow or even 
semiflow. Given any initial curve 7(0) G J7 a solution 7 : [0, T) — O to curve 
shortening exists for a short time T = r(7o) > 0, but this solution often 
becomes singular in finite time. What helps us overcome this problem is that 
the set of initial curves 7(0) G Ba which are close to forming a singularity is 
attracting. Indeed, the existing analysis of the singularities of curve shortening 
in [24], [7], [25], [26], [32] shows that such singularities essentially only form 
when "a small loop in the curve 'j{t) contracts as t y r(7(0))." A calculation 
involving the Gauss-Bonnet theorem shows that once a curve has a sufficiently 
small loop the area enclosed by this loop must decrease under curve shortening. 
This observation allows us to include the set of curves j e Ba with a small 
loop in the exit set of the curve shortening flow. With this modification we 
can proceed as if the curve shortening flow were defined globally. 

Second, Ba is not a closed subset of and its boundary may contain 
closed geodesies, i.e. critical points of curve shortening: such critical points are 
always multiple covers of shorter geodesies. To deal with this, one must analyze 
the curve shortening flow near multiple covers of closed geodesies. It turns out 
that all relevant information to our problem is contained in Poincare's rotation 
number of a closed geodesic. In the end our Conley index h{Ba) depends not 
only on the relative flat knot class Ba, but also on the rotation numbers of the 
given closed geodesies {71, . . . ,7Ar}- 

Finally, the space Ba on which curve shortening is defined is not locally 
compact so that Conley's theory does not apply without modification. It turns 
out that the regularizing effect of curve shortening provides an adequate sub- 
stitute for the absence of local compactness of Ba- 

After resolving these issues one merely has to compute the Conley index 
of any relative flat knot type to estimate the number of closed geodesies of 
that type. To describe the results we need to discuss satellites and Poincare's 
rotation number. 

1.1. Satellites. Let a G be given, and let a : M/Z M also denote a 
constant speed parametrization of a. Choose a unit normal N along a, and 
consider the curve : M/Z — M given by 



ae{t) = exp„(gi)(esin(27rpt)N(gt)) 
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where | is a fraction in lowest terms. When e = 0, is a g-fold cover of a. 

For sufficiently small e 7^ the are fiat knots relative to a. Any flat knot 
relative to a equivalent to is by definition a (p, g)-satellite of a. 

Poincare [33] observed that a (jo, g)-satellite of a simple closed curve a has 
2p intersections with a and p(g — 1) self-intersections. See also Lemma 2.1. 

1.2. Poincare' s rotation number. Let 7(.s) be an arc-length parametriza- 
tion of a closed geodesic of length L > on (M, g). Thus 7(5 + L) = 7(5), and 
T = 7'(s) satisfies VtT = 0. Jacobi fields are solutions of the second order 
ODE 

(2) g + K(7(.)M.)=0, 

where K : M — M is the Gaussian curvature of (M, g) . 

Let y : R — R be any Jacobi field, and label the zeroes of y in increasing 
order 

. . . < S_2 < S_i < So < Si < S2 < . . . 

with (— l)"?/'(s„) > 0. Using the Sturm oscillation theorems one can then show 
that the limit 

uji-i) = lim ^ 

n^oo riL 

exists and is independent of the chosen Jacobi field y. We call this number 
the Poincare rotation number of the geodesic 7. If there is a Jacobi field with 
only finitely many zeroes then the oscillation theorems again imply that y(s) 
has either one or no zeroes s G M. In this case we say the rotation number is 
infinite. 

For an alternative definition we observe that if y{s) is a Jacobi field then 
y{s) and y'{s) cannot vanish simultaneously. Thus one can consider 

p(7) = lim -^arg{y{s) + iy'{s)}. 

Again it turns out that this limit exists and is independent of the particular 
choice of Jacobi field y. Moreover one has 

1 

P= -• 

We call p the inverse rotation number of 7. Sec [27] where the much more 
complicated case of quasi-periodic potentials is treated. The inverse rotation 
number p is analogous to the "amount of rotation" of a periodic orbit of a 
twist map introduced by Mather in [30]. 



1.3. Allowable metrics for a given relative flat knot and the nonresonance 
condition. Let F = {71, . . . , 7Ar} C Jl be a collection of curves with no mutual 



CURVE SHORTENING AND GEODESICS 



1191 



or self-tangencies, and denote by A^r the space of C^'^ Riemannian metrics 
g OIL M for which the 7^ G F are geodesies (thus the metric has continuous 
derivatives of second order which arc Holder continuous of some exponent 
€ (0, 1)). When written out in coordinates one sees that this condition is 
quadratic in the components gij and digjk of the metric and its derivatives. 
Thus Mr is a closed subspace of the space of C^''* metrics on M. 

If a G is a flat knot rel F then it may happen that a is a {pi,qi) satellite 
of, say, 7i. In this case the rotation number of 71 will affect the number of 
closed geodesies of flat knot type a rel F. To see this, consider a family of 
metrics {gx | A G M} C for which the inverse rotation number p{'~i;g\) 
is less than pi/gi for negative A and more than pi/qi for positive A. Then, 
as A increases from negative to positive, a bifurcation takes place in which 
generically two satellites of 71 are created. These bifurcations appear 

as resonances in the Birkhoff normal form of the geodesic flow on the unit 
tangent bundle near the lift of 7. This is described by Poincare in [33, §6, 
p. 261]. Sec also [14, Appendix 7D,F]. 

In studying the closed geodesies of flat knot type a rel F we will therefore 
exclude those metrics for which a bifurcation can take place. To be precise, 
given a we order the 7^ so that a is a {pi,qi) satellite of 7^, if 1 < i < m, 
but not a satellite of 7^ for m < i < N. We then impose the nonresonance 
condition 

(3) p{ji)^^fovie{l,...,m}. 

qi 

The metrics g £ Mr which satisfy this condition can be separated into 2"^ 
distinct classes. For any subset / C {1, . . . ,m} we define Airio:;!) to be the 
set of all metrics g G A^r such that the inverse rotation numbers p(7i), • • . , 
p{lm) satisfy 

(4) p(70 < ^ if i G I and p{ji) > ^ if z /. 

qi qi 

For each / C {1, . . . , m} we define in Section 6 a Conley index . This is done 
by choosing a metric g G A^r(«; I), suitably modifying the set Ba C 0, and its 
exit set for the curve shortening flow, according to the choice of / C {1, . . . , m} 
and then finally setting equal to the homotopy type of the modified Ba with 
its exit set collapsed to a point. Thus the index we define is the homotopy type 
of a topological space with a distinguished point. We show that the resulting 
index does not depend on the choice of metric g G M{a;I), and also that 
the index does not change if one replaces a by an equivalent fiat knot rel F. 
Using rather standard variational methods we then show in §7: 

Theorem 1.1. If g G M.r{c(',I) and if the index is nontrivial, then the 
metric g has at least one closed geodesic of fiat knot type a rel F. 
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Using more standard variational arguments one could then improve on this 
and show that there are at least n — 1 closed geodesies of type a rel F, where 
n is the Lyusternik-Schnirelman category of the pointed topological space . 
We do not use this result here and omit the proof. 

Computation of the index for an arbitrary flat knot a rel T may be 
difficult. It is simplified somewhat by the independence of from the metric 
g G Mr{ct',I)- In addition we have a long exact sequence which relates the 
homologies of the different indices one gets by varying I. 

Theorem 1.2. Let C J C I C {1, . . . ,m} with J ^ I. Then there is a 
long exact sequence 

(5) ... Hi+,{h') ^ HiiA'j) Hiih') Hi{h') ^ Hi.iiA'j) . . . 
where 

This immediately implies 

Theorem 1.3. If J C I with J ^ I then h^ and cannot both he trivial. 

One may regard this as a global bifurcation theorem. If for some choice of 
rotation numbers I and some choice of metric g G A1r(«; I) there are no closed 
geodesies of type a rel F, then the index h^ is trivial. By increasing one or 
more of the rotation numbers (i.e. increasing I to J), or by decreasing some of 
the rotation numbers (i.e. decreasing / to J) the index h^ becomes nontrivial, 
and a closed geodesic of type a rel F must exist for any metric g G M-r{a; J). 

When applied to the ease where M = and F consists of one simple 
closed curve 7 this gives us the following result. 

Theorem 1.4. Let g be a C^''* metric on M with a simple closed geodesic 
7^0. Let p = pi'fjg) be the inverse rotation number 0/7. 

If p > 1 then for each ^ £ {1, p) there is a closed geodesic ^■pjq on {M,g) 
which is a {p,q) satellite 0/7. 

Similarly, if p < 1 then for each | G (p, 1) there is a closed geodesic ^^jq 
on {M,g) which is a {p,q) satellite ofj. 

In both cases the geodesic jp/g intersects the given simple closed geodesic 
7 exactly 2p times, and jp/q intersects itself exactly p{q — 1) times. 

Acknowledgements. The work in this paper was inspired by a qiicstion of 
Hofer (Oberwollfach, 1993) who asked me if one could apply the Flocr homol- 
ogy construction to curve shortening, and which results could be obtained in 
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end curve shortening appears to be sufficiently well behaved to use the Conley 
index instead of Floer's approach. 
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2. Flat knots 

2.1. The space of immersed curves. The space of immersed curves O = 
Imm(S'\ M)/Diff+ (5^) is locally homeomorphic to C^(M/Z). The homeo- 
morphisms are given by the following charts. Let 7 G 17 be a given immersed 
curve. Choose a parametrization 7 : R/Z ^ M of this curve and extend it 
to a local diflFeomorphism a : (M/Z) x (— r, r) — > M for some r > 0. Then 
for any small function n G C^(M/Z) the curve 

(6) ju{x) = (t{x,u{x)) 

is an immersed C curve. LetUr = {ue C2(R/Z) : \u{x)\ < r}. For sufficiently 

small r > the map $ : 7i G ^Y^. ^ 7« G is a homeomorphism of Ur onto a 
small neighborhood ^(Ur) of 7. The open sets ^{Ur) which one gets by varying 
the curve 7 cover and hence Q is a topological Banach manifold with model 
C2(M/Z). 

A natural choice for the local diffeomorphism a would be 

a{x,u) = cxp^(^)(uN(x)) 

where N is a unit normal vector field for the curve 7. We avoid this choice 
of a since it uses too many derivatives. For a to be one would want the 
normal to be C^, so the curve would have to be C^; one would also want the 
exponential map to be C^, which requires the Christoff^el symbols to have two 
derivatives, and so the metric g would have to be C'^. 

For future reference we observe that if the curve 7 is C^'^ then one can 
also choose the diffeomorphism a to be C^'f^. 
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2.2. Covers. For any 7 G and any nonzero integer q we define g • 7 to 
be the g-fold cover of 7, i.e. the curve with parametrization 

where 7 : M/Z — > M is a parametrization of 7. Thus (—1) -7 is the curve 7 
with its orientation reversed. 

A curve 760 will be called primitive if it is not a multiple cover of some 
other curve, i.e. if there are no g > 2 and 70 € O with 7 = g • 70- 

2.3. Flat knots. Let 71, 7iv be a collection of primitive immersed 
curves in M. Define 



(7) A(7i,...,7jv) = <^ 7e 



7 has a self-tangency or a " 
tangency with one of the 

7i 



and 

(8) A = {7 G O I 7 has a self-tangency} . 

Then A and A(7i, . . . , 7jv) are closed subsets of Jl, and their complements 

Q \ A and 0, \ A(7i, . . . ,77v) consist of flat knots, and flat knots relative to 
(71, . . . , 7jv), respectively. Two such flat knots are equivalent if and only if 
they lie in the same component of \ A or $7 \ A(7i, . . . , 7Ar). 

2.4. Flat knots as knots in the projective tangent bundle. Let ¥TM be the 
projective tangent bundle of M, i.e. FTM is the bundle obtained from the unit 
tangent bundle 

T\M) = {{p,v) € T{M) \ g{v,v) = 1} 

by identification of all antipodal vectors {x,v) and {x,—v). The projective 
tangent bundle is a contact manifold. If we denote the bundle projection 
by TT : FTM M, then the contact plane -L(j,,±„) C r(PrM) at a point 
(x, ibf ) G PTM consists of those vectors G T{¥TM) for which dir{(^) is a 
multiple of v. Each contact plane L^^, -|_^) contains a nonzero vector i9 with 
d7r{'d) = (t? corresponds to infinitesimal rotation of the unit vector zizv in the 
tangent space T^M, while the base point x remains fixed). 

Any 7 G defines a immersed curve 7 in the projective tangent bundle 
PTM with parametrization 7(5) = (7(5), ziz'y'(s)), where 7(5) is an arc length 
parametrization of 7. We call 7 the lift of 7. 

An immersed curve 7 in PTM is the lift of some 7 G O if and only if 7 is 
everywhere tangent to the contact planes, and nowhere tangent to the special 
direction i3 in the contact planes. 

Self-tangencies of 7 G O correspond to self-intersections of its lift 7 C 
PTM. Thus an immersed curve 7 G Jl is a flat knot exactly when its lift 7 is a 
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knot in the three manifold FTM. If two curves 71, 72 G ^ define equivalent flat 
knots then one can be deformed into the other through flat knots. By lifting 
the deformation we see that 71 and 72 are equivalent knots in FTM. 

2.5. Intersections. If a G r2\ A(7i, . . . , 7„) then a is transverse to each of 
the 7j. Hence the number of intersections in a n 7^ is well defined. This only 
depends on the flat knot type of a relative to 71, . . . , 7n. 

If q; G O \ A then a only has transverse self-intersections, so their number 
is well defined by #a D a = #{0 < x < x' < 1 | a{x) = a{x')}. Prom a 
drawing of a they are easily counted. An a G \ A can only have double 
points, triple points, etc. (sec Figure 2). If a only has double points (a generic 
property) then their number is the number of self-intersections. Otherwise one 
must count the number of geometric self-intersections where a fc-tuple point 
counts for (2) self-intersections. Again this number only depends on the flat 
knot type of a G \ A. 



2.6. Nontransverse crossings of curves. If 71,72 G ^ are not necessarily 
transverse then we define the number of crossings of 71 and 72 to be 



where the supremum is taken over all pairs of open neighborhoods C Jl of 
7i. Thus Cross(7i,72) is the smallest number of intersections 71 and 72 can 
have if one perturbs them slightly to become transverse. 

The number of self-crossings Cross (7, 7) is defined in a similar way. 

Clearly Cross (71, 72) is a lower semicontinuous function on x il. 

2.7. Satellites. We first describe the local model of a satellite of a primitive 
flat knot 7 G \ A and then transplant the local model to primitive flat knots 
on any surface. 

Let g > 1 be an integer, and let u G C^(R/gZ) be a function for which 
(10) all zeroes of u are simple 



(11) all zeroes of ^^^(a;) = u{x) — u{x — k) are simple for A; = 1, 2, • • • , g — 1. 




Figure 2: Equivalent flat knots with 3 self-intersections. 





and 
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Consider the curve au in the cyhnder T = (M/Z) x M, parametrized by 

(12) au : M/gZ ^ F, au{x) = {x, u{x)). 

The conditions (10) and (11) imply that a„ is a fiat knot relative to ao, where 
ao = (K/Z) X {0} is the zero section (i.e., the curve corresponding to u{x) = 0). 

Now consider a primitive flat knot 7 G ri\ A. Denote by 7 : M/Z — > M any 
parametrization, and choose a local diffeomorphism a : R/Z x (— r, r) ^ M 
with 7(x) = (7(x, 0). As in §2.1 we then identify any curve 7^ which is close 
to 7 with a function u G C^(M/Z) via (6). 

If M G C^(M/gZ) then the curve deflned by 

(13) Oie,u{x) = a{x,eu{x)) 

is a flat knot relative to 7. For given u G C'^{M./qZ) and small enough e > 
the ag^u all define the same relative flat knot. 

By definition, a curve a £ Q \ A (7) is a satellite of 7 G \ A if for some 
u G C^(M/gZ) it is isotopic relative to 7 to all a^^u with £ > sufficiently 
small. 

To complete this definition we should specify the orientation of the satellite 
as^u- One can give a^^u as defined in (13) the same orientation as its base 
curve 7, or the opposite orientation. We will call both curves satellites of 7. 
In general the satellites a^^u and — can define different flat knots relative 
to 7 or they can belong to the same relative flat knot class. 

Example. Let 7 be the equator on the standard two sphere M = S'^. 
Then any other great circle is a satellite of 7. Moreover, all these great circles 
with cither orientation define the same flat knot relative to the equator. For 
example, if a is a great circle in a plane through the .x-axis which makes an 
angle ^ 7r/2 with the xy-plane, then one can reverse its orientation by first 
rotating it through vr — 2^3 around the x-axis, and then rotating it through tt 
around the z-axis. Throughout this motion the curve remains transverse to the 
equator, so that a and —a indeed belong to the same component of A \ ^^(7). 
Below we will show that this example is exceptional. 

As defined in the introduction, one obtains (p, q) satellites by setting 

(14) u{x) = sin(27r^x). 

Let p 7^ 0, and let a be the (p, q) satellite of 7 given by u{x) = e sin(27r|x). 
Then we can translate a along the base curve 7; i.e. we can consider the (p, q) 
satellites a,- given by Ur{x) = esin(27r|(a; — r)). By translating from r = to 
r = ^ one finds an isotopy from a to the curve a given by u{x) = sin(27r^x). 
Hence one can turn any (p, q) satellite into a {—p, q) satellite, and we may 
therefore always assume that p is nonnegative. 
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We will denote the set of (p, (/)-satellites of 7 G O by Bp^ql'y), always 
assuming that p > and q> 1. 

More precisely we will let i3^g(7) be the set of {p, q)-satellites of 7 which 
have the same orientation as 7, and we let Bp^g{j) be those (p, q) satellites with 
opposite orientation. With this notation we always have 

wc)=^pyc)ui3-,(c). 

It is not a priori clear that all these classes are disjoint, but by counting 
the number of self-intersections of {p, q) satellites one can at least see that 
there are infinitely many disjoint Bp^qS. 

Lemma 2.1. Let 7 G $7 \ A he a flat knot with m self-intersections. Then 
any a G Bp^q{'y) has exactly 2p + 2mq intersections with (, and p{q — 1) + mq^ 
self -intersections. 

This was observed by Poincare [33]. We include a proof for completeness' 

sake. 

Proof. Intersections of a and 7 are of two types. Each zero of u{x) 
corresponds to an intersection of a and 7. At each self-intersection of 7 the 
two intersecting strands of 7 are accompanied by 2q strands of a which intersect 
7 in 2q points. Since u(x) has 2p zeroes and 7 has m self-intersections we get 
2mq + 2p intersections of a and 7. 

To count self-intersections one must count the intersections of the graph 
of u{x) = sin(27r|a;) wrapped up on the cylinder F = (M/Z) x R, i.e. the 
intersections of the graphs of Uk{x) = u{x — 2k) (k = 0, 1, ... ,g — 1) with 
< X < 27r. After some work one finds that these are arranged in g — 1 
horizontal rows, each of which contains p intersections. 

At each self-intersection of 7 two strands of 7 cross. If e is small enough 
then CKg u is locally almost parallel to 7, so that any pair of crossing strands of 
7 is accompanied by a pair of q nearly parallel strands of a which cross each 
other. This way we get q^ extra self-crossings of a and 2q extra crossings of 7 
with a per self-crossing of 7. □ 

Lemma 2.2. If Bp^q{^) n Br,s{l) / then p = r and q = s. 
Proof. If a G Bp^q has 2k intersections with 7 and I self-intersections then 
p{q — 1) -|- mq"^ = I, p-\- mq = k. 
Substitute p = k — mq in the first equation to get 

I = {k + m)q — k = mq + {q — l)k 

from which one finds q = In particular, the numbers k, I and m determine 

p and q. □ 
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The proof also shows that most satellites are not {p, g)-satellites for any 
{p,q). Indeed, given a G Bp^q{'y) one can modify it near one of its crossings 
with 7 so as to increase the number k of intersections with 7 arbitrarily without 
changing the number of self-intersections /, or m. Unless both I = and m = 0, 
then for large enough k the fraction will not be an integer, so the modified 
curve can no longer be a {p, q) satellite. If both I = m = then both 7 and its 
satellite a must be simple curves. 

2.8. {p,q) satellites along a simple closed curve on S'^. In this section we 
consider the case in which M = and C € is a simple closed curve. We 
will show that for all {p, q) except p = q = 1 the classes l3p q{C) are different. 

After applying a diffeomorphism we may assume that M is the unit sphere 
in and that ( is the equator, given by 2; = 0. 

To study curves in $7 \ A(^) it is useful to recall that one can identify the 
unit tangent bundle T^{S'^) of the 2-sphere with the group S0(3, M). Indeed, 
by definition, 

T\S^) = {(f ,0 e X R3 I |x| = \i\ = l,x± i} 

so that any unit tangent vector (x,^) G T^{S'^) determines the first two 
columns of an orthogonal matrix. The third column of this matrix is the 
cross product x x ^. The map 

{x,0 e T\S^) ^ {x,Cxxi) G S0(3,R) 

is a diffeomorphism, and from here on we will simply identify T^{S'^) and 
S0(3,M). 

Let U C T^{S'^) be the complement of the set of tangent vectors to ^ 
and — One can describe U very conveniently using "Euler Angles" . For the 
definition of these angles we refer to Figure 3. Any unit tangent vector (x, ^) 
defines an oriented great circle, parametrized by 

X{t) = {cost)x+ {smt)i. 

Unless (x,^) is a tangent vector of the equator the great circle through 
(x, ^) intersects the equator in two points. In one of these intersections the 
great circle crosses the equator from south to north. Let 9 be the angle from 
the upward intersection to x, so that X{—6) is the upward intersection point. 
We define ip to be the angle between the plane through the great circle {X{t) \ 
t G M} and the xy-plane (so that < < tt). Finally we let ^ be the angle 
along the equator ^ from the x-axis to the upward intersection point X(—6). 

If we denote the matrix corresponding to a rotation by an angle a around 
the X axis by Rx{a), etc. then the relation between the Euler angles {9,ip,ip) 
and the unit tangent vector (x,^) they represent is given by 



(15) 



(x, i, X X = R.(0) • RxW • Rz{0). 
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z-axis 




Figure 3: Euler angles (f), tp and 9. 

The map (x, ^) i-^ {9,ip,(f)) is a diffeomorphism between U and (M/27rZ) x 
(0,7r) X (M/27rZ) ^ x R. 

Given this identification we can now define two numerical invariants of fiat 
knots a relative to the equator (. By the lift of a unit speed parametrization, 
any fiat knot a G \ defines a closed curve a : ^U. The numerical 
invariants arc then the increments of the Euler angles 9 and (j) along a, which 
we will denote by A9{a) and A^(a), respectively. Both are integral multiples 
of 27r. 

Lemma 2.3. If a is a satellite of C, given by (13) then 

(16a) ±A9 + A(f) = 2qTr, 

(16b) A9 = 2p-K 

where 2p is the number of zeroes ofuE C^(R/2(/7rZ). In the first equation one 
must take the "+ sign" if a has the same orientation as ^, and the "— sign" 
otherwise. 

Note that the number of zeroes of u G C^(M/27rZ) must always be even 
(assuming they are all simple zeroes, of course). 

Proof. We project the sphere onto the cylinder + = 1 and write z 
and i} for the usual coordinates on this cylinder. We assume that a projects 
to the graph oi z = u{'d) on the cylinder, and that u is a 2qTr periodic function 
with simple zeroes only, and for which |'u(??)| + |^t'('!?)| is uniformly small. Let 
a have the same orientation as the equator (from west to east). We compute 
the Euler angles corresponding to the unit tangent vector to a at the point 
which projects to {-do, m(^?o)) on the cylinder. In Figure 4 we have sketched the 
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z 




Figure 4: A great circle projected onto the cylinder. 

great circle which passes through (i^Oj ■w(??o)) with slope m'(i?o) a-s it appears in 
z) coordinates on the cylinder. Since great circles are intersections of planes 
through the origin with the sphere, they project to intersections of such planes 
with the cylinder, and are therefore graphs of 2; = ■^sin(i? — 4>). 
Prom Figure 4 one finds 

(17) e + = i?o, ui^do) = i) sin m'(i?o) = V' cos 
so that 

(18) = arg(u'(^?o)+^^x(^?o))• 

From (17) we see that + increases by 2(/7r along the curve a. To compute 
we use (18) and count the number of times the curve 'u'('!?o) + ^'f^(''?o) in the 
complex plane crosses the positive real axis. Every such crossing corresponds 
to a zero of u with positive derivative, and hence there are ^ = p of them. 
We conclude that A6' = p x 27r, as claimed. 

Similar arguments also allow one to find and A6 if one gives a the 
orientation opposite to that of the equator. □ 

We have observed that Bi^{C) and B^i{Q coincide, lip/q is any fraction 
in lowest terms then B^^g{C) = l3~g{Q combined with (16a) implies AO = 0, 
and hence p = q. Since gcd(p, q^) = 1 we conclude 

Lemma 2.4. If ( is a simple closed curve on S"^, and l3^^q{C) = ^p,q{0 
then p = q = 1. 

3. Curve shortening 

3.1. The gradient flow of the length functional. Let ^ be a C^''^ metric on 
the surface M. Then for any initial immersed curve 70 a maximal classical 
solution to curve shortening exists on a time interval < t < T{jq). Wc denote 
this solution by {74 : < i < r(7o)}. The solution depends continuously 
on the initial data 70 G so that curve shortening generates a continuous 
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local semiflow 

V = {{j,t) e n X [o,oo) \ < t < r(7)} . 

One can show that if r(7o) < oo then the geodesic curvature k^^ of 7t "blows- 
up" asi/T(7o), i.e. 

lim sup Ik-v. I = oo. 
Since the geodesic curvature itself satisfies a parabolic equation 



dK~, d 



(19) ^='^ + ^Koj + n'^)n, 

(K o 7 is the Gauss curvature of the surface evaluated along the curve) the 
maximum principle implies that one has the following lower estimate for the 
lifetime of any solution. If T(7o) < 1 then 

(20) T(7o) > ^ 



-v/supT 



\K\ 



It 

where C is some constant depending on supj^ \K\ only. See [22] or [6]. 

The curve shortening flow on J7 provides a gradient flow for the length 
functional. Indeed, one has 



ds 



where ds represents arclength along 7^. Thus solutions of curve shortening 
do indeed always become shorter, unless 74 is a geodesic, in which case the 
solution 7t = 70 is time independent. Prom the above description of r(7o) one 
easily derives the following (see [23], [24], also [6], [7]). 

Lemma 3.1. IfT{-fo) = 00 then 

lim sup l^-yj I = 0. 

Moreover, any sequence ti 00 has a subsequence for which 7^^ converges 
to some geodesic of (M, ^f) . 

In other words, orbits of the curve shortening flow $ which exist for all 
t > have (compact) omega-limit sets in the sense of dynamical systems. Such 
a;-limit sets, 

1^(70) == {7* G O I t 00 : 7t, 7*} 

are of course connected, and if the geodesies of (M, g) arc isolated then any 
orbit of curve shortening either becomes singular or else converges to one 
geodesic. 
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The same is true for "ancient orbits," i.e. orbits {74} which are defined 
for alH < and for which supj<o ^(7t) < 00. For such orbits one can define 
the a hmit set 

Q!(7o) *= {7* € ^ I \ -00 : 7t, 7*} , 
and this set consists of closed geodesies. 

3.2. Parabolic estimates. Since curve shortening is a nonhnear heat equa- 
tion solutions are generally smoother than their initial data. This provides a 
compactness property which we will use later to construct the Conley-index. 
There are various well-known ways of deriving the smoothing property of non- 
linear heat equations. Here wc show which estimate one can easily obtain 
assuming only that the metric g is C^. 

Lemma 3.2. If {'jt | < t < to} solution of curve shortening whose 
curvature is bounded by \k\ < A at all times, then 



2 , c 
i„ds < — 
~ t 



(22) / 
where the constant C only depends on A, to, the length L 0/7(0) and su.pj<^ \K\. 



By adding a Nash-Moser iteration to the following arguments one could 
improve the estimate (22) to an estimate for Kg of the form < C/y/i. 
However, (22) will be good enough for us in this paper. 

Proof. Let 7 : M/Z x [0, T) ^ M be a normal parametrization of a solution 
of curve shortening, i.e. one with dt'j -L ds'j. Then the curvature k satisfies 
(19), and using the commutation relation [dt,ds] = K^dg one obtains 

dt ds"^ ds ' 

The arclength ds on the curve evolves by ^ds = —K^ds. Therefore we have 



(23) ^ = ^ + ^((^°* + «'). 



(24) ^ / {Ksfds= I {2KsKst - nfj ds 
Jit Jit 

= I {-2{Kss? + bK^K]-2K{Ko^)Kss) 

Jit 

<C + C I nlds - ! {kss) 
Jit Jit 



'It 

lit Jit 

where the constant C only depends on A, L and supf^ \K\. 
By expanding k(-, t) in a Fourier series in s one finds that 

K^ds I < / K^ds / K^gds, 
It / Jit Jit 



CURVE SHORTENING AND GEODESICS 



1203 



which imphes 



1 



ni^ds > — ( / Hilds 



where the constant C only depends on ^ = sup \ k\ and L. Combined with (24) 
this leads to a differential inequality for J n^ds, 

jJ^{Ksfds<C + cj^Klds-^{^j^^,ds^ . 

Integration of this inequality gives (22). □ 



This lemma implies that for solutions with bounded curvature the curva- 
ture becomes Holder continuous with exponent 1/2, since 

rQ 

(25) \K{P,t) - K{Q,t)\ < J \Ks\ds 

f rQ 

< ( / Klds\ dist^, (P,Q)^/^ (Cauchy) 

dist-yj(P, Q)^/^ being the distance from P to Q along the curve 7t. 

3.3. The nature of singularities in curve shortening. Consider a solution 
{l{t) : < t < T} of curve shortening with T = r(7o) < oo. Then, a&t /T, 
the curve 7^ converges to a piecewise smooth curve 7t which has finitely many 
singular points Pi, ... , P„i, i.e. 77- is the union of finitely many immersed arcs 
whose endpoints belong to {Pi, ... , Pm}- 

Either 7^ shrinks to a point (in which case m = 1, and 7t consists only of 
the point Pi), or else any neighborhood U C of any of the Pj will contain a 
self-intersecting arc of 7^ for t sufficiently close to T. In other words, 7^ is 
the union of a finite number of arcs, at least one of which has a self-intersection 
(a parametrization x G M/Z 1— 7t(x) of the curve will enter U and self-intersect 
before leaving the neighborhood). 

This description of the singularities which a solution of curve shortening 
may develop follows from work of Grayson [23], [24]; see also [6], [7], [32] for 
a similar result applicable to more general flows; an alternative proof of the 
above result can now be given using the Hamilton-Huisken distinction between 
"type 1 and type 2" singularities (see [9] for a short survey), where we apply a 
monotonicity formula in the type 1 case, and either Hamilton's [25] or Huisken's 
isoperimetric ratios [26] in the type 2 case. 
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3.4. Intersections and Sturm^s theorem. We recall Sturm's theorem [35] 
which states that if u{x,t) is a classical solution of a linear parabolic equation 
du 

— = a{x, t)uxx + b{x, t)ux + c{x, t)u 
ot 

on a rectangular domain [xo,xi] x [to^ii], with boundary conditions 

u{xo,t) / 0, u{xi,t) 7^ 0, for to <t < ti, 
then the number of zeroes of u{-, t) 

z{u; t) =^ ^{x e [xo, xi] I u{x, t) = 0} 

is finite for any t > tQ, and does not increase as t increases. Moreover, at any 
moment at which u{-,t^) has a multiple zero, z{u,t) drops. This theorem 
goes back to Sturm [35] who gave a rigorous proof assuming the solutions and 
coefficients are analytic functions, which has been rediscovered and reproved 
under weaker hypotheses many times since then. See [31], [29], [11]. 

In [10] we argue that Sturm's theorem may be considered as a "degener- 
ate version" of the well-known principle that the local mapping degree of an 
analytic function / : C — C near any of its zeroes is always positive (so that 
one can count zeroes of / by computing winding numbers, etc.). 

Using Sturm's theorem we proved the following in [6] , [7] . 

Lemma 3.3. Any smooth solution {7^ | < t < T} of curve shortening 
which is not a multiple cover of another solution, always has finitely many 
self-intersections, all of which are transverse, except at a discrete set of times 
{tj} C (0, r). At each time tj the number of self-intersections of decreases. 

A similar statement applies to intersections of two different solutions: if 
{7/ I < t < T} and {7I | < t < T} are solutions of curve shortening then 
they are transverse to each other, except at a discrete set of times {tj} C (0, T), 
and at each tj the number of intersections of 7^ and decreases. 

4. Curve shortening near a closed geodesic 

4.1. Eigenf unctions as {p,q) satellites. Let 7 G be a primitive closed 
geodesic of length L for a given C^'^ metric g. We consider a neighborhood 
U C and parametrize it as in §2.1. Since the metric g is C^'^, geodesies of 
g are C^''*, and the unit normal to a geodesic will be C^''*. We can therefore 
choose the local diffeomorphism a : R/LZ x {—5, +S) ^ M so that x 1— a{x, 0) 
is a unit speed parametrization of 7 and such that ay{x,0) is a unit normal to 
7 at a{x, 0). 

The pullback of the metric under a is 

a*{g) = E{x,u){dxf + 2F{x,u)dxdu + G{x,u){duf, 
for certain C^''* functions E, F, G. 
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One can map a neighborhood of g • 7 in O onto a neighborhood of the 
origin in C^{R/qLZ) via (6): 

(26) ueC'^{R/qLZ) ^ au^n, au{x) = a{x,u{x)). 

In this chart the length functional L : O ^ M is given by 

L{au) = / ^/ E{x, u) + 2F{x, u)ux + G(x, u)u'^ dx. 
Jo 

The curve a„ will be a geodesic if and only if u satisfies the Euler-Lagrange 
equations corresponding to L. Since we assume 7 is already a geodesic, 
u{x) = satisfies the Euler-Lagrange equations. As is well-known, the sec- 
ond variation of L at li = is then given by 

d^L(ev) 



d'L{j)-{v,v) 



ds^ 



qL 

{v'{xf - K{-f{x))v{xf) dx 

e=0 JO 



where K('y{x)) is the Gauss curvature of {M,g) evaluated at 7(x). 
Consider the associated Hill's equation 

(27) ^ + {Q{x) + X)(p{x) = (xeR) 

where A is an eigenvalue parameter, and where Q{x) = K['y(x)) (although in 
what follows Q € C*^(M/LZ) could be arbitrary). 

Let (pi{x) be the solutions with initial conditions 

(28) ^^0(0) = !, </^'o(0)=0, (^1(0) = 0, ^'i(l) = l, 
and define the solution matrix 

(29) M(A;x)=f ^^f^) ^^^J^j 

which belongs to SL(2,M). 

If we identify the set of rays {(^^) | t > 0,0^ + = 1} emanating from 
the origin in with their intersections with the unit circle, then the linear 
transformation defined by M(A; x) also defines a homeomorphism of the unit 
circle to itself. This homeomorphism has a rotation number p(A, x), which is 
determined up to its integer part (see [18, §17.2]). To fix the integer part of 
p{X,x), we require that p{X,0) = for all A G M and that p(A, x) vary contin- 
uously with A and x. The inverse rotation number of the geodesic mentioned 
in the introduction is precisely p(A = 0,x = L). 

Since the coefficient Q{x) is an L periodic function, one has 

(30) M{X-qL) = M{X;Lf 
and hence 

(31) p{\qL)=qp{\L). 
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The rotation number p{X, L) is a continuous nondecreasing function of 
the eigenvalue parameter A, and thus for each fraction p/q the set of A with 
p(A, L) = p/q is a closed interval [A~y^, ^p/g]- Indeed, if 2p/q is not an integer, 
then A~^^ = A^^^, and we just write \/q- 

The A^^^ depend on the potential Q, and depending on the context we will 
cither write \/q{Q) or Xp/q{'y) if Q = .fC o 7 is the Gauss curvature evaluated 
along 7, as above. 

Both for A = ^p/g, and A = ^p/g, Hill's equation (27) has a qL periodic 
solution which we denote by 'P^/gix)- When A~^^ = X^^^ both solutions (pi{X; x) 
are qL periodic, and we let (p^^^{x) be (po, (pi respectively. 

Let Ep/g{Q) be the two dimensional subspace of C'^{'R/qLZ) defined by 

(32) Ep/g{Q) { c+^+ ^(x) + c.ip-^gix) I c± G m} . 

This space is determined by Q G C°(M/LZ), i.e. does not require the geodesic 
7 or the surface M for its definition. It is the spectral subspace corresponding 
to the eigenvalues A^^^ of the unbounded operator — ^ — Qix) in L^(R/gLZ) 
and as such depends continuously on the potential Q G C^{R/qLZ). 

Lemma 4.1. Let be the satellite 0/7 given by a^u{x) = a{x,£u{x)), 
with u{x) G Ep/g{K 07), u ^ 0, and e sufficiently small. Then a^u is a {p, q) 
satellite ofj, i.e. a^u € Bp^q{'y). 

Proof. The space Ep/g{Q) C C^{M./qLZ) depends continuously on Q G 
C°{R/qLZ). For Q{x) = one has 

Ep/g{0) = {^cos27r2f + Ssin27r2f | A,Be R}. 

Choose a continuous family of (po G Ep/g{9K 07), ipg ^ with (po{x) = 
cos27r2f. 

q 1j 

We must now show that for sufficiently small e 7^ the corresponding 
curves 

a^fi{x) = a{x,epe{x)) 

define flat knots relative to 7. To prove this wc will show (i) that the graph 
of (peix) has no double zeroes (which implies that Qg^g is never tangent to 7), 
and (ii) that the graphs of (pe{x) and (peix — kL) (A; = l, 2, — 1) have no 

tangencies (which implies that ae^e has no self-tangencies) . 

The following arguments are inspired by those in [12, §2]. 

If X~^^{9K o'j) = X'^,{6Ko^), then ipQ is a solution of Hill's equation (27) 
and cannot have a double zero without vanishing identically. 

^^K/qi(^Ko^)^X+f^{eKo^) then 

ipe{x) = c_(6')(/9p/^(x) +c+(6l)v?+/g(a;) 
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for certain constants c±{9), at least one of which is nonzero. If one of these 
constants vanishes then (pg is again a solution of Hill's equation and therefore 
cannot have a double zero. If both coefficients c± are nonzero then we consider 

uit,x) = c_(^)eV/,V;/^(a;) + c+{9)e^^^^^'<p+^{x). 

This function is a solution of the heat equation corresponding to Hill's equation, 
i.e. 

du d'^u , , 

and by Sturm's theorem the number of zeroes of u(t, •) must decrease at any 
moment t at which u{t, •) has a double zero. For t — ±00, u{t, •) is asymptotic 
to c±e^^^ip^^^{x), and since both ip^^^{x) have 2p zeroes in the interval [0,qL) 
none of the intermediate functions u{t, •) can have a double zero. In particular 
(p0 = u{0, ■) only has simple zeroes. 

To prove (ii) one applies exactly the same arguments to the difference 
ipe{x) — (pe{x — kV). The conclusion then is that this difference either only 
has simple zeroes (as desired), or else must vanish identically. To exclude the 
second possibility we observe that feix) = ipg{x — kL) implies that ipg is an 
IL periodic function with 1 <l < q some divisor of gcd{k,q). The number of 
zeroes of ipe then equals j times the number of zeroes m of ipe in its minimal 
period interval [0, IL). This number m is even, so the number of zeroes of ipe 
in the interval [0, gL) is a multiple of 2q/l. However, this number is 2p and 
so q/l must be a common divisor oi p and q. This contradicts the hypothesis 
gcd(p,g) = l. □ 

4.2. The linearized flow at a closed geodesic. In the chart (26) curve 
shortening is equivalent to the following parabolic equation for u(x, i) (see [6] 
and also §8.1): 

_ Uxx + P{x,u) + Q{x,u)u^ + R{x,u){u^f + S{x,u){uxy 
^ ' E{x,u) + 2F{x,u)ux + G{x,u){ux)^ 

The coefficients P, Q, R and S are functions of their arguments, and they 

satisfy 



(34) 



P{x,0) = Q{x,0) = 0, 
Py{x,0) = K{a{x,0)) 



in which K is the Gauss curvature on the surface. 

One can apply classical results on parabolic equations to deduce short- 
time existence for curve shortening from (33). In this section we shall use the 
local form of curve shortening to prove 
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Lemma 4.2. //{7t \ t > 0} is an orbit of curve shortening which converges 
to a closed geodesic a E il, then for t sufficiently large is a (p, q) satellite of 
a; i.e., 7t G Bp^q{a) for somep,q. Moreover, 

(35) A;/^(a) < 0. 

{it \ t < 0} is an ^''ancient orbit" of curve shortening with limj^_oo 7t = a 
for some closed geodesic a E ft, then for —t sufficiently large 7^ is a {p, q) 
satellite of a for some p,q. In this case, 

(36) A+ (a) > 0. 



Proof. We only prove the first statement; the second can be shown in the 
same way. 

If 7t converges to a in then we can choose coordinates as above, and 
for large t the curves 7^ correspond to a solution u{x,t) of (33). This solution 
is defined for, say, t > to, and u{-,t) — >■ in C^{M./Z) as t — 00. By parabolic 
estimates we also have u{-, t) — in C^(M/Z) as t — 00. 

We can write (33) as 

ut = a{x, u, Ux)uxx + b(x, u, Ux)ux + c{x, u, Ux)u 
where, using (34) and E{x,0) = 1, 

a{x, u, p) = [E{x, u) + 2F{x, u)p + G{x, u)p^^ ^ , 
6(x,0,0) = 0, 
c(x,0,0) = K{a{x,Q)). 

Thus (33) can be written as a quasilinear equation 

Ut = A{u)u 

in which A{u) is the linear differential operator 

d 

A{u) = a{x,u,Ux)-^ + b{x,u,Ux) — +c{x,u,Ux). 
For u = this operator reduces to 

A{0) = ^+K{a{x)) 

whose spectrum we have just discussed. 

Since u tends to zero, u asymptotically satisfies the equation ut = A{0)u, 
and thus for some j > and some constant C / one has 

(37) lim „ "'Z'';^? = CipJx) 
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where (pj{x) is an eigenfunction of A{0) with 2j zeroes. See Lemmas 8.1 
and 8.2. For large t the curve jt is therefore parametrized by 



X 



a{x,e{t){Cipj{x) + o{l)}), 



where e(t) ^ as t ^ oo. This impHes that 7^ is a satelUte of a. 

If both eigenvalues X±{p/q,Koa) were positive then for large t one would 

have 

jJu{.,t)\\h = {u{t),A{u{t))u{t))^. 

= {X±ip/q,Koa)+o{imu{;t)\\h 
> 

which would keep n(-, t) from converging to zero. □ 



5. Loops 

5.1. Loops, simple loops, and filled loops. Let 7 G \ A be a flat knot, 
and choose a parametrization 7 G C^(5^, M), also denoted by 7. By definition 
a loop for 7 is a nonempty interval (a, 6) C M for which 7(a) = 7(6) is a 
transverse self-intersection. 

If we identify with 5D, where B is the unit disc in the complex plane, 
then 7(a) = 7(6) implies that any simple loop (a, 6) C M for 7 defines a map 
7 : 5^ ^ M via 

7(6^^^^^^) =7(t), foriG(a,6). 

By definition we will say that one can fill in a loop {a, b) if the map 7 : 51D) — M 
can be extended to a local homeomorphism : B ^ M. Wc will always assume 
that a filling is at least on B \ {1}, and that ip is & local diffeomorphism on 
B\{1}. 

If 7 : — >^ M is contractible, and one-to-one, then by the Jordan curve 
theorem one can fill 7. We call such a loop an embedded loop. 

Fillings come in two varieties which are distinguished by the way they 
approach the corner at the intersection 7(a) = 7(6). The arcs 7((a — e,a + s)) 
and j{{b — £,b+£)) divide a small convex neighborhood of this intersection into 
four pieces ("quadrants"). The image (p{D{l,S)) of a small disk will intersect 
either one or three of these quadrants. If (p{D{l,S)) lies in one quadrant we 
call the corner convex, otherwise we call the corner concave. 

5.2. Continuation of loops and their fillings. Let {7$ | ^ G [0, 1]} C \ A 
be a smooth family of flat knots, and let 79 stand for smooth parametrizations 
of the corresponding curves. If {ao,bo) C M is a loop for 'jg^ then, since all 
have transverse self-intersections, the Implicit Function Theorem implies the 
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Figure 5: Convex and concave corners. 

existence and uniqueness of smooth functions a(0), b{9) for which {a{9),b{9)) 
is a loop for 7(6'), and such that a{6o) = qq and b{6o) = 60. Thus any loop of 
a flat knot can be continued along homotopies of that flat knot. 

Now assume that the loop (ao, ^'o) C M of has a filling: can one continue 
this filling in the same way? In general the answer is no, as the example in 
Figure 6 shows. It is also not true that embedded loops must remain embedded 
under continuation (see Figure 7) 




Figure 6: Inward corners may cut up fillings. 




Figure 7: An embedded loop becomes nonembedded. 

Lemma 5.1. // the filling (pQ : D —> M of the loop (ao,fco) has a convex 
corner, then there exists a continuous family of fillings t/j^i : B — > M for the 
loops {a{e), b{e)) for all 9 G [0, 1]. 
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Proof. We may assume, by changing the parametrizations if necessary, 
that a{9) and b{9) are constant, so that (a, b) is a loop for each 6 G [0, 1]. 

If one has a filling of a loop for some parameter value then by con- 
structing a tubular neighborhood of the arc 7 : [a,b] M one can adapt 
the given filling ^pQ to a filling ipg of the loops (a, b) for all 6 in some interval 
(^0 — ^0,00 + ^o)- To obtain a continuation from = all the way to = 1 we 
must find a fixed lower bound for the size of the tubular neighborhoods. Such 
a lower bound then implies a lower bound for the length 2eo of the intervals 
on which one can construct local continuations, so that a finite number of such 
local continuations will take one from 6 = to 9 = 1. We will therefore now 
describe the construction of the tubular neighborhoods of the 7^ and the local 
continuations of the fillings in more detail. 

Choose a suitable smooth metric g on the surface M. Then the Gauss 
curvature of (M, g) and geodesic curvatures of the 7^ are uniformly bounded, 
say by some constant /C. We can therefore choose a small cr > (much smaller 
than the injcctivity radius of {AI,g)) such that the intersection of any disk 
with radius a at any point P E M with any of the curves 70 looks like a finite 
collection of straight line segments. More precisely, if we define the map ^p^^- 
from the unit disc Bp C TpM = to M, by (t>p,aix) = expp(crx), then the 
preimage (pp^^ije) is a finite collection of nearly straight arcs whose curvature 
is bounded by C{IC)a, which can be made arbitrarily small by decreasing a. 

For each 6 G [0, 1] we construct a smooth vector field Xg along 'jg (i.e. 
Xe : ^ TM satisfies Xe{t) G T^^(t)(M) for alH G 5^), which is nowhere 
tangent to jg, in particular Z(Xg(t), 7g(t)) > S for some constant S > 0. This 
6 can be chosen independently of 9. We can also choose the Xq so that their 
derivatives are uniformly bounded, i.e. iV-^X^j < Cj with Cj independent of 9. 
(Note that we do not assume that the Xq vary continuously with 9.) Indeed, 
once one has constructed such a vector field for some value 9i of 9 one can use 
the same vector field for all 9 in an interval containing 9i. A finite number 
of these intervals cover the interval [0, 1], so that we really only need a finite 
number of vector fields Xg . 

Let some 9o G [0, 1] be given, and let ipo : ID) ^ M he a, filling for the loop 
(a, 6) of 7^0. Since jg^ is the image ipo{B)) of the boundary of the unit disc 
one can define an "outward direction" at each Jeg{t). We will assume that our 
vector field X along 'jg^ is directed inward. 

A tubular neighborhood is constructed from the mapping 

S{t,s) = exp^^^(i)(sX(i)). 

This map is smooth from S*^ x M ^ M. It is a local diffeomorphism on some 
neighborhood U = x [—p,p] of x {0}, where p > is independent of ^o- 
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If we choose X so that X{a) = X{b), then this map is a local homeo- 
morphism from the annulus / x [— p, p] to M, where / = [a, 6] /{a, 6} (i.e. the 
interval [a, 6] with its endpoints identified so that I = S^). 

Now consider the curves / x {s} for < s < p. For sufficiently small s > 
there exist closed curves C B for which 

S{Ix{s}) = ^eA^s). 
Each Tg is parametrized hy t ^ w^t, s), where w is the solution of 

S{t,s) = (p0^{w{t,s)). 

Prom S{t, 0) = 76(o(i) it follows that w = exp ^27ri|5f ) is a solution for s = 0. 
Fix t and let s increase, starting at s = 0; then, since ipg^ : B ^ M is 
a local homeomorphism, one can continue the solution w{t, s) to a solution 
w = w{t,s) G int(B) for < s < a(t) < p, where a{t) is a positive l.s.c. 
function of t. In particular, a{t) is bounded from below by some constant 
cr > 0. If for some t G I one has a{t) < p, then as s f (j{t) the solution w{t, s) 
must tend to the boundary OB (otherwise one could continue the solution 
beyond s = a{t).) 

It follows from X{a) = X{b) that w{a,s) = w{b,s), and so t G [a,b] i— 
w{t, s) parametrizes a closed curve F^. 

Proposition 5.2. There exists a a' > 0, independent of such that all 
Tg with < s < a' are disjoint embedded curves in B. 

Proof. To begin, there is some a" > such that none of the smooth 
immersed curves t G M/Z i— S{t, s) with \s\ < a" has a self-tangency. This a" 
only depends on the choice of the vector fields Xq, and we may thus assume 
that it is independent of 9. 

The curves Tg are smooth, except at 'a;(a, s) = w{b, s), where they have a 
corner. Since the derivatives of the vector fields Xg are bounded, we can find 
a a'" > independent of such that all curves S{I x {s}) with \s\ < a'" have 
convex corners (in the sense that Xg^ points "into the corner.") Hence the F^ 
also have convex corners for all < s < a'" for which they are defined. 

Let 

a' = mm{a,a",a"'). 

As s increases from to a' the Tg must remain embedded, for the only way 
they can loose their embeddedness is by first forming a self-tangency. However, 
the smooth parts of the curves Fg are mapped to >S'(I x {s}) which has no self- 
tangency. On the other hand the corner of F^ is convex, and so it cannot take 
part in a first self-tangency. Therefore the F^ remain embedded. 

The Tg are nested. Indeed, they move with velocity 
dw _ , , .. .dS 
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which is never tangent to Tg. Thus the Tg always move in the same direction, 
which must be inward, since they start at Fq = 5D. 

Being nested, the Tg can never reach the boundary SB again, and hence 
they exist for all s G (0, a'). □ 

Conclusion of proof of Lemma 5.1. By "straightening" the curves Tg, we 
see that the above construction allows us to modify the filling (po so that on 
the annulus e~"' < lu^l < 1 it is given by 

(38) v'oCre''^) ='5(a + ^(6-a),-lnr). 

ZTT 

For this (po the curves Vg are circles centered at the origin. Then we use this 
same expression (38) to extend (^o to a local homeomorphism (p^ : ]D)g„' — M. 

Since all 7|[a,b] with B close to are transverse to the vector field X, the 
preimage under (^o of a nearby loop 79 \ \a^h\ appears as a graph r = r{(\>) in 
polar coordinates. One easily adapts the filling </?o to a filling of 7^ | [a^;,] by first 
mapping the unit disk D to the region enclosed by the polar graph r = r {(/)), 
and then composing with (pQ. The length of the interval of ^'s for which one 
can do this is bounded from below by some 5 > which is independent of 
6, and hence a finite number of these local continuations will allow one to fill 
7e \[a,b] for all G [0,1]. □ 

5.3. Loops and singularities in curve shortening. In §3.3 we considered a 
solution {7t I < t < r} of curve shortening which becomes singular at time 
t = T without shrinking to a point. In the notation of §3.3 we recalled that 
Grayson's work implies that for every neighborhood U oi a singular point Pj 
there is a time Tk £ (0, T) such that for Ty < t <T the curve bas a loop 
(a', h') C [0, 1) with 7t([a', h'\) contained in U. Such a loop need not be simple, 
but one can easily extract a subloop (a, h) C (a', h') which is simple. Since 
7t|(a, h) is simple it is also a fillable loop. Still, the loop could have a nonconvex 
corner, but if this is the case, and if the neighborhood U is homeomorphic to a 
disc, then we claim one can find another loop, which is contained in which 
is simple, and whose filling has a convex corner. 

Indeed, let 7?. C M be the region enclosed by the loop, and let A be the 
(nonconvex) corner point of TZ. Since A is a nonconvex corner point the two 
arcs of 7 \ &R. enter into the region TZ (see Figure 8). There are now two 
possibilities: 

Case 1. If one of these arcs exits TZ again (say, at G dTZ) without 
first forming a self-intersection, then the arc AB divides IZ into two pieces, the 
boundary of one of which is a simple loop with a convex corner B. 

Case 2. If both arcs starting at A self-intersect before leaving TZ, then 
each of these arcs contains a simple loop whose area is strictly smaller than that 
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Case 1 



Case 2 




Figure 8: Finding a fillable loop with a convex corner. 



of TZ. If this smaller loop still does not have a convex corner then we repeat 
the argument, thereby obtaining a nested sequence of smaller simple loops. 
Since 7 only has finitely many loops this sequence must terminate either with 
a simple loop with a convex corner, or with a loop as in Case 1. 

Thus we can refine the description of singularities in §3.3 to the following: 

Lemma 5.3. If {jt \ < t < T} is a solution of curve shortening which 
becomes singular at t = T, then for any £ > there exists a t^ ^ (0, T) such 
that has a convexly fillable loop with area no more than e. 

5.4. Decrease of area of sm,all loops. Let {7^ \ to < t < ti\ he a. solution 
of curve shortening with 7 G 17 \ A for all t € (to, ^i)- Assume 7^^ has a fillable 
loop with a convex corner. Then one can continue this loop for all values of 
t G {tQ,ti). Let : — M be a filling of these loops. Since (ft is a local 
diffeomorphism away from 1 G B^, we can pull the metric back from M to 
and define the area form dSt and Gauss curvature Kt of (Pf{g), as well 
as the geodesic curvature Kt and arc length dst of the boundary (?B^. The 
Gauss-Bonnet formula states that 



Here ^ext is the exterior angle at the corner of the filling. See Figure 9. 





Figure 9: Definition of ^ext 



Using this we find that the area A(t) of the filling (pt satisfies 
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Since < ^ext < this implies 

dA{t) 



,^ < -Tr + {sup K)A{t). 
at M 

Define ^ 

^^^^ " 2snvMK 
if supj^K > and s{g) = oo otherwise. We may then conclude: 

Lemma 5.4. Let 70 G \ A have a convexly filled loop with area at most 
£{g), and consider the corresponding solution {74 \ < t < T} of curve short- 
ening. As long as the solution stays in fl \ A one can continue the loop, and 
its area satisfies 

(39) A\t) < |, and A{t) < e{g) - ^t. 

In particular the solution must either become singular or cross A before 

+ _ 2£(fl) 



6. Definition of the Conley index of a fiat knot 

6.1. The boundary of a relative flat knot type. Let H C \ A(r) be a 
relative flat knot type, for some F = {71, . . . ,7Ar} C $7. Throughout we will 
make the following assumption concerning multiple covers 

(40) If a = m • /3 G m > 2, /3 G $7, is tranverse to all 7^ then a ^ B. 

We mention some examples. 

6.1.1. {p,q) satellites. If M is the sphere and ( is the equator, then 
consider B = Bp^q{Q. Let U be the subset of the unit tangent bundle which 
consists of all vectors not tangent to Wc have seen in §2.8 that U has the 
homotopy type of T^. Any a G which is transverse to ^ lifts to a curve a in 
U, and hence defines a homotopy class [a] in tti (T2) ^ Z2. The homotopy class 
[a] does not depend on a G and hence on a e B. Since gcd(p, q) = I this 
homotopy class is not a multiple of any other element of 7ri(T^), and therefore 
a cannot be a multiple of another curve. We conclude that the relative flat 
knot types Bp^q{Q satisfy condition (40). 

This example is easily generalized to any relative fiat knot type B C 
\ A(r). Define U to be the unit tangent bundle of M with the tangent 
vectors to the ±7^ removed, and assume that the homotopy class [a] G tti(U) 
is not a multiple of any other element of niiU). Then B cannot contain multiple 
covers transverse to the 7j G F. 

6.1.2. Simple closed curves. Let S be the set of simple closed curves on 
M = S'^. If a = mP is a multiple cover, then any a' G O near a must have 
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at least one self-intersection. Hence S satisfies condition (40). However in this 
case U is the entire unit tangent bundle T^S^ = MP^ whose fundamental group 
is Z2, in which 2-1 = and 3-1 = 1, i.e. in which all elements arc nontrivial 
multiples. So just like Bp^q{() the flat knot type S satisfies (40), but it does so 
for different reasons. 

6.1.3. Free satellites. Let p,q with gcd{p,q) = 1 be given and consider 
the set ;S of all a G ri for which a simple closed curve ^ G O exists such that 
a is a {p, q) satellite of C,. Since any two simple closed curves can be deformed 
into each other by isotopy of 5^, the set H is a connected component of \ F, 
and hence the set of curves which arc [p, q) satellites is a flat knot type. Note 
that, in contrast with the example from §6.1.1 the curve here is not fixed, 
and the set F is empty. Our current set ;S is a flat knot type, while the set B 
from §6.1.1 was only a relative flat knot type. 

For any simple closed curve C, the q fold cover q ■ ( lies on the boundary 
dB since one can approximate it by (p, q) satellites of Since there are no 7j 
in this example, this flat knot type does not satisfy the condition (40). 

We consider the closure B oi B in Q and define 

^ = ^ \ {±m - 7i I m > 2, i = 1, . . . , A^}, 
dB = Bn dB. 

Lemma 6.1. Let g G A^r- For any a G dB a ta > exists such that 
#(°'*°)(a) cBu{n\B). 

Recall that the curve shortening flow was deflned in 3.1. 

Proof. Since a £ B the curve a has only finitely many crossings with any 
of the 7j. Hence for some ti > all $*(a) with < t < ti are transverse to 
all 7i. If a is not primitive, then condition (40) implies that $*(q!) £ i^\B. If 
a is primitive, then we may assume that the $*(a) with < t < ti also have 
transverse self- intersections. Hence $*(a) £ ^ \ A C B U \ B) . □ 

The following lemma states that orbit segments cannot touch the bound- 
ary of a fiat knot type B "from the inside" . 

Lemma 6.2. Let g G Mr- If $[°'*l(a) cB andt>0 then ^^{a) G B for 
all s G {0,t). 

Proof. Suppose for some s G (0,t) one has $*(q;) G dB. Then $*(q;) 
cannot be a multiple cover by condition (40). By the Sturmian theorem (a) 
is a fiat knot rel F for all s' ^ s close to s, and either the number of self- 
intersections or the number of intersections of (a) with some 7^ G F must 
drop as s' crosses s. This contradicts $[°'*l(a) C B. □ 
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We define the exit set of B to be the set 13~ consisting of those a G dB for 
which ^C^'*") (a) C Jl \ The complement = dB \ B" is called the entry 
set. 

Lemma 6.3. The sets B^ do not depend on the metric g G M.r chosen in 
their definition. 

Lemma 6.4. B~ is a closed subset of B. 

We prove these lemmas in reverse order. 

6.1.4. Proof of Lemma 6.4. We first show that is open in dB. Let 

a G 5+ be given. Then $(0'*°) c B and in particular $*"/^(a) G B. By- 
continuity of the local scmiflow <1> there is an open neighborhood M C 
containing a such that $*°/^(AA) C B. Suppose some a' G J\f belongs to B~ . 
Then there is a small t' G {0,ta/2) such that $*'(a') G $7 \ By continuity 
of $ again, there is an a" e Af n B with $*'(a") G $1 \ ^. But then a" G 
$*'(a") G \ i3, and $*°/^(a") G B. This contradicts the Sturmian theorem. 

□ 

6.1.5. Proof of Lemma 6.3. We classify the possible curves a G dB as 
follows. 

(1) a is primitive and transverse to all 7^, but a has a self-tangency. 

(2) a is primitive and tangent to some ji (but a ^ ±7, by condition (40)) 

(3) a = m • /? (m > 2, /? G O) is a multiple cover. In this case a must be 
tangent to at least one of the 7^, by condition (40). 

The curves in Case 3 all belong to B~, for under the curve shortening flow 
they remain multiple covers, while they instantaneously become transverse to 
the 7j, so that condition (40) forces them to leave B. 

The following proposition shows that we have in Case 1, 

a G B~ Cross(a,Q!) < mo, 

while in Case 2 we have 

a G B^ 3i : Cross(a,7j) < mj. 

Thus we have a description of the exit set which is independent of the chosen 
metric g. □ 

Proposition 6.5. Let a ^ B be primitive with a 7^ ±7^ for any i. If 
Cross(a, a) = mo{B) and Cross(a,7i) = mi{B) fori = 1,...,N, then for 
some e > one has ^^^'^\a) C B. 
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Proof. Since $(°'^](q;) C O \ A(7i, . . . ,7iv) we either have $(°''^l(a) C B 
or $(^'^l(a) C 0,\B. We must show the latter cannot hold. Suppose it does 
hold. Then let a„ G 6 be a sequence with a„ a. Since ^^{a) £ Q\B one 
also has ^>''(a„) € \ 6 for large enough n G N. Thus the orbit <I>*(q„) crosses 
A(7i, . . . ,7Ar) for some t G [0,e]. By the Sturmian theorem one then has 

#($^(a„) n $^(an)) < mo or 3i : n 7^) < m^. 

On the other hand ^^{a) e ft\ A(7i, . . . ,jn) so that for sufficiently large 
n G N one has 

either n = n $^(a)) < mo 

or 3z : n 7^) = #($"(a) n 7^) < m^. 

If we now let £ I then we get 

Cross(a,a) < mo or 3i : Cross(Q;,7i) < m^. 

Thus we have a contradiction, and the proposition is proved. □ 

Given a metric g we now define 

f a has a filled loop with 

(41) B\g,e) = \aeB 

I a convex corner, and area < e . 

(42) B^{g, e) = the closure of B'^{g, e)mn\ {±q-fi \ qeN,l<i<N} 
and we call 

KB) 



B / 

. / B'{g,e)UB-\' 



the Conley-index of the component B. Here for any closed subset A of a topo- 
logical space X, [X/A] stands for the homotopy type of the pointed quotient 
space X/A. See [17]. 

Lemma 6.6. The set B~ U B^{g, e) is positively invariant relative to B. 

Proof. Let $[0'*l(a) C B with i > and a G U B^{g,s) be given. 
By Lemma 6.2 we have $*(q;) G B for < s < t. 

Fix an s G (0,t) and choose a sequence a„ — a with a„ G B^{g,e). Since 
$^(a) G B continuity of the semiflow implies $^(an) G B for large enough n. 
Toward invariance of B^{g,e) in B then implies <&*(q;„) G B^{g,e). Taking the 
limit as n ^ 00 one finds $**(«) G B^{g,e) for any s G (0, t). Taking another 
limit s ^ t one finds that $*(a) G -6^(5, e). □ 



Lemma 6.7. T/ie Conley index h{B) does not depend on the metric g G 
A^r or the choice of e > 0, as long as e < £{g). 
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This lemma justifies the absence of g and e in our notation ^^h{By^ for the 
index. 

The proof of this lemma is essentially found in [17]. Our observation here 
is that although wc do not have the desired local compactness"*^ we are only 
trying to prove that the index is independent of the "index pair" for a small 
class of index pairs. 

We split the proof of Lemma 6.7 into two pieces. It will be convenient to 
write 

so that we have defined the Conley index of B to be the homotopy type of the 
quotient H{g,e), and we must now show that this homotopy type does not 
depend on ^ G A^r or £ G (0, e{g)). 

6.1.6. h{B) does not depend on e. Let < £i < £2 < £{g) be given. Then 
trivially we have the inclusion B^{g,£\) C B^{g,e2) which leads to a natural 
mapping 

"Hig^ei) Hig,e2). 

(Whenever Ai C A2 C X are closed subsets there is a natural mapping 
X/A, ^ X/A2.) 

We will show that this mapping is a homotopy equivalence. For every 
J e B we define 

(43) r,(7) = mi{t > I $i(7) G B-UB\g,ei)} 

with the understanding that T'*(7) = 00 if ^t{l) never reaches the exit set or 
B\g,e,). 

Proposition 6.8. The function : B ^ [0, 00] is continuous. 

Proof. We check that both conditions ^^(7) < M and r*(7) > M define 
open subsets of B. 

If T*(7) < M for some < M < 00, then <I>'^* (t) (7) belongs to B~ or 
u'ig, ei). In the first case the orbit immediately leaves B, and so there exists a 
to G (T^(,l),M) with $*°(7) eU\B. By continuity of the semiflow $ the same 
is then true for all 7' near 7, so that T'*(7') < to < M holds on a neighborhood 
of 7. 

Consider the second case, in which $^*W(7) G B\g,ei). If T^-f) = 
then it is possible that 7 = lies on B^. When this happens <I>*(7) 



^K. Rybakowski has developed a version of Conley's theory for local semiflows on complete 
metric spaces, but we were unable to verify his "admissibility condition," mainly because B 
can contain arbitrarily long curves, and, possibly, geodesies of arbitrary length. 



1220 



SIGURD B. ANGENENT 



must immediately enter B and henceB^ig, si), by forward invariance of B^{g, e) 
relative to B. If on the other hand T^i'j) > then (t) cannot lie on 
By assumption it does not lie on B^ cither, and thus it lies in B^{g,£i). It 
follows from Lemma 5.4 that at t = T*(7) the orbit <^*(7) develops a convexly 
filled loop with area < ei, and that for t > r*(7) the loop has area < £i — 
^{t — T^ij)) which is strictly less than £i. Invoking continuity of the semiflow 
we conclude again tliat this condition also holds for 7' near 7. 

Conversely, if T^(7) > M, then the (compact) orbit segment {7^ | < 
t < M} is contained in ;B \ &{g,£i) which is open relative to B. Once more 
continuity of the semiflow guarantees that this is also the case for 7' close to 7. 

□ 

It follows from Lemma 5.4 that for all 7 G B^{g,£2) one has T*(7) < 
^{£2 — By continuity this also holds for all 7 G B^{g, £2)- Now define 

ro(7)=min0(£2-£i),r,(7)j 

and consider the following homotopy (0 < A < 1): 

Gx: B- UB ^ B- UB, 7 ^ $^'^0(7) 

Then 

• Go is the identity map on B~ U B, 

• G\ maps B~ U &{g., e) to itself for every £ G (0, £{g)) (by forward invari- 
ance of B~ U Lemma 6.6), 

• Gi maps B- U B\g, £1) into B' U B\g, £2) 

and it is easily verified from these facts that Gi is a homotopy inverse of /. 

6.1.7. h{B) does not depend on the metric. Let (71,(72 £ -A^r be two given 
metrics. Then, since the surface M is compact there exists a constant A > Q 
such that one has gi < Ag2 and (72 < ^gi pointwise on M. In particular the 
area form of either metric is bounded by times the area form of the other. 
We therefore have the following inclusions 

B- U B^{gi,£) CB-U B\g2, A^£) ^B~U B\gi,A'^£) c B' U B^{g2, A^£) 

and corresponding natural maps 

nigi,e) M nig2, A^e) ^ n{gi,A''e) ^ ^((72, A^e). 

Now it follows from the previous section that for sufficiently small e > the 
compositions g o f and hog are homotopy equivalences, so that g has a left 
and right homotopy inverse. Hence g is a homotopy equivalence. □ 
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6.2. Virtual satellites and the modified Conley index of a relative flat knot. 
Let B C r2\ A(r) be a relative flat knot for some F = {71, . . . , 7^} C O. Define 
A^r as in §1.3, and, as in §1.3, order the 7^ so that for z = 1, . . . , m there exists 
Pi/qi with 

(44) qai e dB and B C (7^) 

while no such Pi/qi exist for z = m + 1, . . . , n. By Lemma 2.2 the Pi/qi are 
uniquely determined. 

We impose the nonresonance condition (3) and for any I C {1, . . . , m} we 
define M.{a] /) for a G ;B as in §1.3. Since M.{a; I) does not depend on a G H 
we will write M.{B;I) for M.{oi;I). Our discussion of the rotation number in 
§4.1 shows that condition (4) is equivalent to 

(45) Aj/^^ (7i) < for i G 7, and A"/^^ (7^) > for z G 7^ 

where 7"^ = {1, . . . , m} \ I. 

For the moment write q = qi and 7 = 7i. Let U C B he a closed neigh- 
borhood in B of 57 which is small enough for 57 to be the only geodesic in U, 
and for U n &{g,e) to be empty (for some e G (0, e(y)) which we keep fixed 
throughout this section). 

Define 

(46) ^transient = {aGWnB|3t>0: $*(a) &B\U} 

(47) W#=W\(WtransientU{57})- 

The conditions a & B and $*(a) G B imply that c B^ since orbits cannot 
leave and then enter B again. Thus consists of those a eU which do not 
leave U before leaving B. 

Clearly i/transient is Open, so that is closed in B and iY* U {qj} is closed 

in B. 

By construction is positively invariant relative to i3; U \ {q ■ 7} is 
positively invariant relative to B if and only if W = W*U{g-7}, or, equivalently, 

U*=U\{q-j}. 
Lemma 6.9. U"^ U {97} is a neighborhood in B of q ■ 'j. 

Proof. liU*U{q-f} is not a neighborhood of 57 then a sequence q;„ G BXLC^ 
with lim„^oo (^n = QI must exist. Since U is assumed to be a neighborhood we 
may assume that all an and thus a„ G Z^transient- Then > exist with 
$*"(«„) eB\U. Choose i„ to be the largest i G (0,t^) with $[°'*''1(q;„) c U. 
In particular $*''(a„) G dU. 

Since qj is a fixed point for curve shortening, we have lim^^oo^n = 00. 
By parabolic estimates 3.2 we can extract a convergent subsequence of the 
sequence of solutions {/?„(t) '= $*"+*(a„) | —tn < t < 0}. The limit is an 
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"ancient orbit" | — oo < t < 0} which remains in U, and which reaches 

dU at t = 0. The a-Umit of such an orbit must be q^y (being the only closed 
geodesic in U) but this contradicts ^p/gil) < ^■nd Lemma 4.2. □ 

For any neighborhood U C B o{ q^y and T > we define 

W#^ = {$^(a)|$[0'^](a)cW#}. 

As T increases the set W*-^ shrinks. In general W*-^ is not a neighborhood 
of g • 7; in fact, due to the regularizing effect of the heat flow, W*-^ will have 
empty interior. 

Lemma 6.10. LetU,V G B be neighborhoods ofqj. Then for sufficiently 
large T > one has U*^ C V* and C U*. 

Proof. We need only prove the first inclusion, and we may of course assume 
that the neighborhoods W = W*U{(;7}, V = V*U{(77} are positively invariant 
relative to B. 

Arguing by contradiction we assume that there exists a sequence a^. G U 
with $[°'^l(afc) CU\V. Parabolic estimates yield an a priori bound for |j on 
the curves $^(afe), and thus we can extract a convergent subsequence from the 
solutions Pkit) = $*+-'^(ajfc) of curve shortening. The limit would then be an 
orbit of curve shortening which stays mU \ V, in particular its w-limit would 
be a closed geodesic other than q'y inU, which by assumption does not exist .□ 

Let J C {1, . . . , m} and g G Mt{B; I) be given. For each i e I we choose 
a sufficiently small neighborhood Ui of qiji and we set 



i€l 



We will assume that the Ui \ {qi'ji} are forward invariant relative to B, i.e. 
Ui=U*. 



Definition 6.11. The modified Conley index of the relative flat knot type 

B is 

'b 

B-UB^{g,e)UU^ 



h\B) 



Our previously defined Conley index h{B) is contained in this definition 
as the special case in which 7 c {1, . . . , m} is empty. 

Lemma 6.12. For sufficiently small Ui and e > the index h^{B) does 
not depend on either e, the metric g £ AiriB;I) or the neighborhoods Ui. 
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Proof. We may assume that W D V for otherwise we choose a smaher 
neighborhood W CU DV and compare the indices h^{B) obtained by using U 
and V with the index obtained by using W. 

Choose a sufficiently large T > so that Z^*^ C V and as before in (43) 
define 

T,(a) = mi{t > I $*(a) e D 

We showed in Proposition 6.8 that the exit time r*(a) is a continuous function 
with values in [0, oo]. The family of maps 

with G [0, 1] is therefore a continuous homotopy F^i : id = Fi of maps of the 
pairs {B, B'yj&VJ U) and {B, B-U&UU). From U*'^ C V we conclude that 
Fi maps the quotient B/{B^U B^UU) to B/iB' UB'^UV), and is a homotopy 
inverse for the inclusion induced map from B/ {B^UB^UV) to B/ {B^ UB^UU). 

□ 

6.3. The Conley index of a virtual satellite. 

Lemma 6.13. The homotopy type ofUf/iufoB') is that of x S'^p-''^ / S'^ 
X {pt}. Consequently the homotopy type ofU^ /{U^ r\B~) is given by 

m 

\/[S^xS^P^-'/S'x{pt}]. 

i=l 

We will call the homotopy type of 14^/ iplf^ n B~) the Conley index of the 
virtual satellite of qi^i in B. 

In the following proof we omit the subscript i and write U instead of Ui, 

etc. 

The same arguments as in Corollary 6.12 show that Z^*/ [W^nB') is inde- 
pendent of both the metric g, provided 7 is a geodesic with ^p/qil) 
< 0, and the neighborhood U, provided it is sufficiently small, meaning that 
it should not contain any other closed geodesies besides and be disjoint 
from B^. Thus we may choose our metric so that a neighborhood of 7 in the 
surface M is isometric to a part of the surface of revolution whose metric is 
given by 

{dsf = ey'/^{{dxf + {dyf}, (x, y) G (R/Z) x R, 

where the "waist" y = corresponds to 7. Curves a G which are close 
to (77 are then given by graphs of functions u G C^(R/q'Z), a{x) = (x,it(x)) 
(such a graph wraps itself q times around the waist {y = 0}). In this section 
we will identify a small neighborhood of g • 7 G with an open neighborhood 
of u = in C^(R/(;Z) without explicitely mentioning the identification again. 
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Curve shortening for such graphs is equivalent to the PDE 

du 

dt ^ T+u2 



(48) -TT = - 

^ ' dt 1 + 

We choose 



'"X 



(49) U = K^B 
where 

(50) J\f^ = {ue C'^{R/qZ) I sup|«(x)| < a,sup\u'{x)\ < a}, 

X X 

and a is sufficiently small. 

Lemma 6.14. Ma is invariant for the curve shortening flow, so that U 
contains no transient part, i.e. U = U"^ U {^7}. 

Proof. The maximum principle implies that any solution of (48) with 
\u{x, 0)1 < a satisfies |'u(x,i)| < cre~*, since ztae"* are sub- and supersolutions 
for (48). 

By differentiating (48) one finds that v = Ux satisfies 

^* = IT<"(rT^"^-" 

so that the maximum principle again implies that sup^, |?;(x,0)| < a leads to 
supj, \v{x,t)\ < ere"*. □ 

We will identify A C with those u G C^{M./qZ) which correspond to a 
curve cCu G A. 

Lemma 6.15. Both B~ and A are cones in C^(M/gZ). 

Proof. A function u G C'^{R/qZ) belongs to A if it either has a multiple 
zero or if for some k = 1, . . . , q — 1 the function u{x) — u{x — k) has a multiple 
zero. This clearly holds for u if and only if it holds for An, for any A 7^ 0. Thus 
A is a cone. 

Near q^ the set consists of those ti G A which have fewer self-inter- 
sections, or fewer intersections with u = than a general u e B has. This 
condition also holds for both u and Xu or for neither. □ 

Any u G C^(M/gZ) has a Fourier series of the form 

(51) u{x) = 5Z (ufee^'^^^^/'^) 

A;=0 

with Mo G R and Ufc G C for > 2. The embedding ^ W'^''^ implies that 

(52) / {u{xf + ^u"{xf}dx = ^(1 + k^)\uk\^ < 00. 
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We now define 

( oo ^ 

k=0 ) 

i.e., is the intersection with C^(R/qZ) of the sphere of radius e in W'^''^{M./qZ) 
with norm given by (52). 

Since W'^''^ ^ one has C Ma for small enough e > 0. 

Lemma 6.15 implies that {Se (13,3^(1 B~) is a deformation retract of 
{U*,U*nB-), the deformation going along rays through the origin in C^(M/q'Z). 
We therefore have a homotopy equivalence 

u*/{u*nB-) ^ {Ssnu*)/{Senu*nB-). 

For small enough e > one has Ss C Ma, so that Se H = Ss Ci B, and 
Sc n U"^ n B~ = n 6^. Hence we have a further homotopy equivalence 

u*/{u* n i3-) ^ (5^ n B)/{Se n 23"). 

The linear heat equation induces a continuous semifiow on S^: for any 
u let 

oo 

(53) U{t, X) = ^ (^Uke^k.rx/q-AkV/qH-\^ 

k=0 

be the solution of ut = u^x starting from u, and define ^*{u) to be the radial 
projection of u{t^ ■) onto S^, so that 

(**n)(x) = e''^*'''^ 



We will refer to as the projected heat flow. 

The essential insight which allows us to determine the homotopy type of 
{Se n B)/{Se n B-) and hence of U*/{U* n H") is that {S^ n n H") turns 
out to be an index pair for the projected heat flow : ^ which isolates 
the invariant set 



C = I (upC^-^P^/'?) I Up G C, \up 



This invariant set is a normally hyperbolic circle whose unstable manifold is 
2p dimensional, so one expects its Conley index to be \S^ x S'^p~^/S^ x pt] . 
Since we do not have the required compactness hypothesis of [17], we must 
prove these statements by hand, essentially verifying that Conley's arguments 
still go through in our setting. 
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For u G Ss we define the quantities 



k>p 

w.iu)=e-^ ^ {l + k')\uk\\ 

0<k<p 

Wp{u) = (l Wpf- 

By definition we have 

W-{u) + Wp{u) + Wj^{u) = 1 

for all u ^ Se- 

Lemma 6.16. Along any orbit '^^{u) of the projected heat flow one has 

(54) ^!l!l|:M<_C.,(l--.)<0, 

(55) ^"-jf"^ >-C^-(l-^-)>0- 

Proof. Let u{t, x) be the solution to the linear heat equation starting at 
u & Ss given by (53), so that u{t,x) = Eit>o ^^("fc(*)e^''*''''^^) with Uk{t) = 
g-47r=fcV9=t^^(0). Then one has 

^^^^^±M!li)=^(l + fc4)^^(24(t)n.(t)) 

k>p 

< 2 W+iHtr)) 



and 



Using 



<iw_MV))^_8,^(p-l)^^ 

at 

w±{u{t,-)) 



w+{u{t, •)) + Wp{u{t, •)) + w-{u{t, •)) 
one then arrives at (54) and (55) with C = 87r^(2p± l)/q^. □ 

Consider the sets 

Vp = {ueSenB\ w+{u) < p}, 
Vp = {u eVp \ w-{u) > p}. 
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The differential inequalities (54), (55) imply that (Vp, V~) is an index pair. It 
isolates the same invariant set C as (W*, W# fl B"), so one expects Vp/V~ and 
W^/iLC^ n B~) to have the same homotopy type. To prove this we exhibit 
homotopy equivalences obtained by "flowing along" with 

(56) u*/{u* n H_) Vp/{Vp n B-), 

and 

(57) v,/(v,ni3-)^v,/v-. 

6.3.1. Construction of the homotopy equivalence (56). We define 

i*(«) = inf{i > I w;+(^'*(u)) < p}. 
Proposition 6.17. The function is continuous and finite on n B. 

Proof. We first observe that one has w+{u) < 1 for every u G W*. Indeed, 
if w+{u) = 1 then W-{u) = Wp{u) = and so the Fourier series (51) only 
contains terms with k > p + 1. Then u has at least 2(p + 1) sign changes and 
cannot belong to B or C B. 

The differential inequality (54) implies that w;+(^*(«)) will decrease to p 
in finite time so that is finite. Moreover < implies that the time at 

which w+{^*{u)) becomes equal to p depends continuously on u. □ 

The family of maps Gg{u) = ^'^**(")(m) is a continuous homotopy : id = 
Gi. The final map d sends U*/(U*nB-) to Vp/iVpHB-) and is a homotopy 
inverse for the inclusion induced map Vp/{Vp Ci B~) ^^/{U^ r]B~). 

6.3.2. Construction of the homotopy equivalence (57). To construct a map 
from left to right in (57) we observe 

Proposition 6.18. If p> is small enough then VpDB' CV~. 

Proof. We consider the sets 

(58) Wp = {ueSe\w+{u) <p,w-{u) < p}, 

(59) Wp ={ueS^\ w+{u) < p, w-{u) = p}. 

By definition Wp is a W'^''^ neighborhood of T which can be made as small in 
VF^'^ as desired by decreasing p. Since T is compact, and since A is closed in 
and thus also in W'^''^, wc conclude that, for sufficiently small p > 0, Wp 
and A are disjoint. Since Vp\Vp C Wp and B~ C A the proposition follows.D 

For small enough p the proposition guarantees that we have an inclusion 
induced map Vp/ {Vp n B~) — > ^p/^p- A homotopy inverse for this map can 
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again be found by following the flow. Deflne an "exit time" 
Uiu) =mi{t >0\^\u)eB-}. 

If we allow t^:{u) = oo in case the orbit never hits B~ then t^(u) de- 

pends continuously on u £U, again because orbits cross in a topologically 
transverse way (this is the same argument as in Proposition 6.8). 

Proposition 6.19. Ifw-{u) > then t^{u) < oo. 

Proof. Let ko be the smallest integer with 7^ 0. Then '^^{u) = 
£ ii^"/*)!!^ ^ with u{t, x) given by (53). For large t the dominant term in (53) is 
the term with k = kg, so that 

lim **(u) = Const • <Ke fujk„e^''^*^°^/«) . 

t—^00 \ / 

Since W-{u) > we have fco < and hence for large i, **(«) has less than 2p 
sign changes so that ^'*(«) cannot lie in B anymore. The only way ^'*(u) can 
leave B is by crossing B~ first. □ 

We can now define the following family of maps, 

Ge(u) = ^'^''("'- (")(n) 

in which : M ^ M is a continuous nondecreasing function with r]{w) = 
for w < p/2 and 71(111) = 1 for u; > p. Thus rj{w-{u)) vanishes in the region 
w-{u) < p/2 while t*(u) is continuous for w-{u) > so that the product 
r](w^{u))t^{u) is continuous everywhere. 

The Gg are maps of the pairs (Vp, V^") and (Vp,Vp fl B~) respectively, 
and the final map Gi sends (Vp, V~) to (Vp, Vp n B^). It therefore provides a 
homotopy inverse for the inclusion induced map Vp/(Vp fl B") — Vp/Vp. 

6.3.3. Computation of the homotopy type of Vp/V~ . Define Wp and W~ 
as above in (58), (59). 

Proposition 6.20. For small enough p > one has 
Wp = Vp\Vp-, w- = Wp n Vp-. 
Consequently, for small p > one has [Vp/V~] = [Wp/W-]. 

Proof. This follows directly from the proof of Proposition 6.18. □ 
Proposition 6.21. The pair (Wp, Wp") contains {Zp,Z~) with 

Zp =^ {ueWpl w+{u) = 0}, z; =^ Zp n w; 

as a deformation retract. 
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Proof. One can write u G Wp as u = u~ + + u'^ and can homotope it 
to Ge{u) = fi{9)u'~ + iy{6)uP + Ou'^, where n{0), u{9) G M"'" are chosen so as to 
keep Geiu) onSe- □ 

Proposition 6.22. Zp/Z~ is homeomorphic with x S^p~^/{S^ x pt). 
Proof. We can write any u E Zp as 

(60) u{x) = d\tEk<pUke^""'"^'', 
with 

(61) J:k<pi^ + k')\uk\' = e'. 
The condition u;_ (-u) < p is equivalent to 

(62) E.<p(i + fc')KP<p^' 

so that 

{l+p^)\upf>{l-p)e\ 
In particular, Up / if p < 1, and we can write 



£'-Efc<p(i + fc^)KI 



(63) Up . ^, ^^^4 

with 6 = arg Up. We have defined a map / from to C x R x C^^~^, given by 

f -.u^ {e'^,uo,ui, . . . ,Up_i). 

(Recall that uq is real, while the other coefficients are complex.) 

This map is onc-to-onc and hence a homeomorphism onto its image. The 
image is clearly x B'^^^^, where is the unit circle in C and B'^^~^ is the 
convex ball in M x C^~^ given by (62). 

The subspace Z~ consists of those u ^ Zp for which one has equality in 
(62), and therefore / maps Z~ onto x dB'^'P~^. We conclude that Zp/Zp is 
homeomorphic with {S^ x B'^p~^)/ {S^ x dB^P~^) which in turn is homeomorphic 
with (51 X 52p-i)/(5i X {pt}). □ 

6.4. A long exact sequence relating the h^{B). Let C J C / C {1, . . . , m} 
with J 7^ / be given, and set K = I \ J. 

Choose a metric g G Air{l3;J). This metric can be modified to a new 
metric g G Mr{JB; I) so that g and g coincide on an open neighborhood of the 
geodesies 7^ , for all j G J. 

We can then construct punctured neighborhoods Ui d B oi qiji which 
isolate the qi'ji for all i & I, and which are so small that curve shortening for 
g and for g coincide on a neighborhood of qi^i in $7 for all z G J. 
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The indices h\B) and h'^{B) are then defined to be the homotopy types 
of the pointed spaces 



WuB-UB^{g,ey W U B' U B^{g,e)' 

and since U"^ C we have a natural map H'^{B) 7i^{B) which cohapses 
the set 

.g4^ j^i def U'uB-UB^{g,e) 

^ U'^ UB-UBi{g,e) 

to the base point in H\B). Since = U"^ UU^ is a disjoint union, the space 
A^j in (64) is homeomorphic to 

U^UB-UB\g,e) _ UU^ U B' U &{g,e) 
U-^UB-lJB^{g,e) ~ WuB-UB^{g,e) 



U^n (u-^UB-UB'^{g,e)^ 

u^nB- 

51 X 



V \ 51 X {pt} j 



Proposition 6.23. The subset Aj ofH''{B) is collared. 

Proof. We should have started with neighborhoods Vj, and then chosen 
Ui C intVj. The curve shortening flow then retracts the Vj into the Ui. □ 

This proposition implies an isomorphism 

Hi{n\B),A'j) - Hi{n\B)/A'j) = Hi{n\B)) 

of relative singular homology groups. 

The long exact sequence on homology for the pair {H'^ [B) , A^j) then gives 
us the long exact sequence 
(65) 

. . . Hi+,{h\B)) ^ HiiA'j) Hi{h\B)) Hi{h\B)) ^ Hi_,{Aj) ■ ■ ■ 
from Theorem 1.2. 

6.5. Proof of Theorem 1.3. We know that not all homology groups of 
A J are trivial; so, if h\B) is the homotopy type of a point, then the exact 
sequence implies that A^j and h' [B] have the same homology groups. Similarly, 
if h'^iB) happens to be trivial, then Hi{A^j) = Hi+i{h\B)) for ah I, so that 
h\B) cannot be trivial. 
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7. Existence theorems for closed geodesies 

7.1. Proof of Theorem 1.1. Fix T = {71, . . . , 7jv} C Jl, a relative flat knot 
type B C Q \ A(r), an I C {1, ... , m}, and a metric g G Air{i3; I)- Assuming 
that there are no closed geodesies in B for the metric g we will show that h^{B) 
is trivial. 

Define : B ^ [0, 00] by 

r*(a) = inf{t > I e B' U B\g, £)}. 

It was shown in Proposition 6.8 that is continuous. Thus the set 

W = {a^B\T^{a) = oo) 

is closed in B. 

Choose neighborhoods Z^j 9 qi^i with^j = Uf ^ as in §6.2. LetU = Ui^jUi. 

For each a & W there is a G [0,oo) such that <&*°(a) G intU, where 
intW is the interior of U with respect to B. Indeed, if a e W then the entire 
orbit $['^'°°)(q;) is contained in B. This orbit must converge to some closed 
geodesic, and by assumption such a geodesic must lie on dB. That is, the orbit 
must converge to one of the qi'fi with i G /. 

Continuity of the semifiow implies that some neighborhood Oa 9 a also 
gets mapped into int W under . Choose a sequence q;„ so that the On = Oa„ 
form a locally finite covering of W. Next let O = UnOn and construct a 
continuous function : O ^ [0, 00) with to(/5) > for all j3 G On- Wc may 
assume that lim-y^go to (7) = 00 (add dist(7, 90)^^ to to(7) if necessary). 

One has (^) G intW for all /? G O. Moreover, 

r#(Q;) = min(to(a),T*(a)) 
defines a continuous everywhere finite function on B which satisfies 

$^*(")(a) G UH^(5,£) UW. 

The family of maps 

with < ^ < 1 defines a deformation retraction of {B, B~ U B^ U U) into 
{B- UB^UU,B-U&UU). Thus the index h^{B) is trivial. 

7.2. Proof of Theorem 1.4. Let 7 be a simple closed geodesic on the 
sphere S^. After applying a diffeomorphism we may assume that 7 is the 
equator. We consider p, q satellites of the equator. Thus in the notation we 
have used so far, wc have T = {71, . . . ,^n} = {C}i N = 1. The unique curve 
C G r belongs to the boundary of Bp^q{Q, and thus m = 1. There are two 
modified Conley indices to be considered, namely h'^{B) and h^^^{B). 
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To compute the Conley indices h\Bp^q{Q) for arbitrary p/g 7^ 1 we use the 
fact that the indices do not depend on the metric, and consider the standard 
metric on the usual unit sphere S"^ C M^. For this metric the equator is indeed 
a closed geodesic, while all geodesies are great circles. In particular, no closed 
geodesic on the standard sphere is a g satellite of the equator. Moreover, the 
rotation number of the equator is exactly p{C,) = 1. 

For p/q> 1 we therefore conclude that 

/iW(^p,,(C)) = [point] 

while ioi p/q < 1 we get 

h\Bp,,{0) = [point]. 

By the long exact sequence from Theorem 1.3 we then find that for p/g > 1 
the index h^{Bp^q{()) is nontrivial, while for p/q < 1 the index h^^^{Bp^q{Q) is 
nontrivial. 

If one now has another metric g for which the simple closed curve ^ is 
a geodesic with rotation number p{C,g) > p/q > 1, then the nontriviality of 

{Bp^q{C,)) implies existence of at least one closed geodesic of g which is a 
(p, g) satellite of C,. Similarly, if one has 1 > p/ q > p{C,g), then nontriviality 
of h^^^ {Bp^q{Q) again leads to the same conclusion. 

8. Appendices 

8.1. Curve shortening in local coordinates. Assume g is an /i^'^ metric on 
M and let 7 G be an /i^''' curve of length L. Then there exists an /i^''' local 
diffeomorphism a : T x (— r, r) ^ M with T = R/LZ such that x ^ a{x, 0) is 
an arclcngth paramctrization of 7. If 7 is a g fold cover, then we may assume 
that a{x + L/q, y) = a{x, y). 

In the local coordinates {x, y} the metric g is given by 

(66) a*g = E{x, y){dxf + 2F{x, y) dx dy + G{x, y){dyf 

where E,F,G are h'^'^ functions on T x (— r, r). 

We now compute the geodesic curvature of the graph of y = u{x) and 
determine the PDE which is equivalent to curve shortening in the coordinates 

{x,y}- 

The unit tangent to the graph {{x,u{x)) \ x eT} is 

^^^+n^^ 1 
\dx + Uxdy\ A 

where A = ^/E + 2Fux + Gul. 
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If we write X A F for ^g{X, Y) where J7g = {EG - F'^)dx A dy is the area 
form of the metric g, then the geodesic curvature is k = T /\ Vt(T'); i.e., 

K = A^^((9a; A dy) [uxx + P{x., u) + Q{x, u)ux + R{x, u)ul + S{x, u)ul] 

where 

r,_dx/\ (dx) Q = ^ "^^y ^^^^ + ^ ^^^^ 



A 9y A dy 

dxAVa,{dy) + 2dyAVa,{dx) „ 9yAVa,(5j,) 

-K = X 7^ 1 i~> 



dxAdy ' dxAdy ' 

If we now consider a moving family of graphs y = u{x,t), then the normal 
velocity of this family of curves is given by 

V = TA{utdy) = X-\dxAdy)ut 

so that curve shortening, i.e. V = k, is equivalent to 

_ Uxx + P{x, u) + Q{x, u)ux + R{x, u)ul + S{x, u)ul 
^ ' ~ E{x, u) + 2F{x, u) Ux + G(x, u) ul ' 

8.2. Interpretation of the coefficients P, Q, R, S. The coefficient S{x, u) is 
the geodesic curvature of the vertical lines y = constant. If the diffeomorphism 
a were obtained by exponentiating normal vectors to the x-axis, as in (13) §2.7, 
then S would vanish. (However, (13) contains the unit normal vector N which 
is only h^'^^, and so the resulting map a is also only /i^'^ instead of h'^'^.) 

The coefficient P is proportional to the geodesic curvature of the curves 
u = constant. In particular P{x, 0) is proportional to the geodesic curvature 
of the X-axis. The x-axis is a geodesic only if P{x, 0) = 0. 

If the x axis is a geodesic then we can assume after an h^''^ change of 
coordinates that x (x, 0) is a unit speed parametrization of the x-axis, and 
that on the x-axis the vector dy is a unit normal to the x-axis. In other words, 
we assume that 

E{x, 0) = 1, F{x, 0) = 0, G(x, 0) = 1 

for all X. (Use a Whitney type exension theorem, as in [34, §VI.2.3, Th. 4].) 
The derivative Py{x,0) is then given by 

P(x 0)- ^ ( d.^VaJdx) ] 

= dx/\ Va^ Va^ {dx) (use Va^dx = 0, dx A dy = 1 for y = 0) 

= dxA {VQ^Vdy {dx) + T^{dy, dx)dx} (definition of the 

Riemann tensor) 

= -fC(x, u) 
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where K is the Gauss curvature. (This last calculation is the standard deriva- 
tion of the equation for Jacobi fields.) 

On the X-axis we have '^dyi^x) = dA^^y) — since dy is a unit normal 
to a geodesic. We also have VaA^^x) = since the x axis is a geodesic. Thus 

Q(a;,0) =0. 

Both R and S are h}'^ functions of their arguments. 
Thus the linearization of (67) at n = is 

(68) ut = Uxx + K{x)u, 

K{x) = K o 7(x) being the Gauss curvature along the x-axis. 

8.3. Short time existence and the local semiflow property. Equa- 
tion (67) is of the form 

(69) ut = F{x,u,Ux,Uxx) 

where F is a C^'^ function of its arguments with 

A-i<(i+p2)^^fei:M<^ 
oq 

for some constant A. It is well-known (perhaps under higher differentiablity 
assumptions on F) that solutions with initial data "^(-,0) G C^''*(T) exist on a 
short time interval. We now show that (69) generates a local semiflow on 
an open subset of /i^'^(T). 

We may assume in our setting that F{x, u, p, q) is defined for all (x, u, p, q) G 
T X with \u\ < r for some r > 0. Let F C C^(T) be defined by 

V = {ue C^(T) I \u\ < r}. 

We write F'^'^ for V n h^'^{T). 

The PDE (69) is actually quasilincar; i.e., F has the form F{x,u,p,q) = 
a{x, u, p)q + b{x, u, p) where a and b are C^''^ in x and u and analytic in p G M. 
This implies that the substitution operator u ^ F(x, u, Ux,Uxx) is continuously 
Frechet diffcrcntiable from F^,/^ to h°'''{T). Since the Frechet derivative of F 
is the generator of an analytic semigroup in hP''^(T) for any v G (0,/x), we can 
apply [5, Cor. 2.9] and conclude that (69) generates a local semiflow on 
V^''^ for every v G (0,/x). This, by definition, means the following: 

Continuous local semiflow. The map $ which maps the initial data 
uq and time t to the solution u{t) at time t is defined on an open subset 
T> C V'^''^ X [0, cxd) containing V'^'" x {0} and satisfies 

(1) F is continuous, 

(2) F{uo,0) = uo for all uq G V^'", 
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(3) If (no,t) G V then {uq} x [0,t] C V, 

(4) If (uo,t) G V and (F(txo,t),s) G P then {uQ,t + s) G P and F{uQ,t + s) = 
F{F{uo,t),s). 

Differentiahle local semiflow? For each t > define Vt = {u £ V'^''^ \ 
(n, t) G P} and write = ^{u, t). Then the map u $j('u) is continuously 

differentiable from Vt to V'^''^ . Moreover, the Frechet derivative d^t{u) is a 
strongly continuous function of both variables {u,t) G V, i.e. for any vq G 
/i^''^(T) the map {u, t) i— >• d$j(u)t;Q is continuous from V to /i^''^(T). One obtains 
d^tiujvQ by formally linearizing (69); i.e., v{t) = d^ti^jvo is the solution of 

(70) Vt = i'^qr(x, Ux, Uxx)Vxx "I" -^(^^j Uxi Uxx)f^x ~^ ^ui^j '^j "^xi '^xx)'^i 

v{-,0)=vo{-). 



8.4. Linearization at a closed geodesic. If the curve 7 (the x-axis) is a 
geodesic so that u = is a solution to (67), then u = is a fixed point of 
the local semiflow on V^'^. The semigroup property = ^t+s and 

the chain-rule imply that the linear operators {(i^>t(0) | t > 0} form a (Co) 
semigroup on h'^''^{T). Since the linearized equation (70) coincides with (68) 
the semigroup {(i$j(0)} is generated by ^ = (^) — K o ^{x). {A is an 
unbounded operator on h"^ with domain h^''^ and hence generates a semigroup 
on h", h'^'" and any of their interpolation spaces.) 

Let the spectrum of A be 

Ao > Ai > A2 > • • • > X2i-i >\2i>--- 

with corresponding eigenfunctions {</?fc}- For j G N we write Ej for span {ipo, . . . 
. . . , ip2j} and for the closure in h?'^(^) of the span of {(^2j+i, ^2j+2, ■ ■ ■}■ 
Then Ej and E'j are spectral subspaces of the operator A with /i^'^(T) = 
Ej ® E^. We let tTj denote the projection of /i^'^(T) onto Ej along 

Lemma 8.1. Let {u{t)\t>0} C V^'" be an orbit of^t with \imt-^aou(t)=0 
in the h?''^{T) norm. Then for any j G N, 



(71) lim "„W, " = or 1. 

\Ht)\\ 

Here all norms are h'^''^{T) norms. 

The same statement is true for ancient orbits^^ {^(*) I ~c)o < t < 0} 
provided all limits are taken for t —00. 



•^Wc repeat these definitions liere because tliere seems to be no consensus on what a 
differentiable local semiflow should be. In particular Amann [1], [2] does not include or prove 
strong continuity of d^t at t = 0. 
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Proof. Once one gets away from the PDE and considers {u{n) \ n = 
1, 2, • • • } as an orbit of the time-one map $i the proof is completely standard. 

The map $i : Pi — ^ y^,;^ (ji^ g^j^j ppgchct derivative is given by 
d^i{0) = e-^, a compact operator with spectrum e^' , i G Nq. One can find 
equivalent norms 1 1 1 • 1 1 1 on E'j and Ej so that 

|||e-^f||| > e-^"^ 1 1 It'll I, \/v G Ej, 



Suppose now that 



Il|7ritf(n)||| 
limsup "' / ,\|| I > 0. 
n-^oo IIfwIII 



Then for some £ > and any r > there exists a large n* such that 
> £ and |||ti(Ti)||| < r for all n > 

We can now write $i(it) = M{u)u where 



M{u)= f d<^{eu)de. 
Jo 



Since <&i is we have |||7V4(m) - e"^||| < cr(|||u|||) where a{r) \ as r \ 0. 

If one splits u = v ® v'^ e Ej Q Ej, as well as ^2 = M{u)u = v®v'^., and if 
one assumes |||n||| < r, then 

infill = e v'')\\\ 

> |||7rje-^(i;et;^)||| -(7(r)|||n||| 

> e-^"^' infill - cr(r)|||n||| 

> ^e-^"^' -o-(r)^ |||t;||| - cT(r)| | Iv'^l 1 1. 

Similarly one finds 

\\\v''\\\ < (^e^^^+i + C7(r)^ lllv'^lll + cr(r)|||t;|||. 
If one also assumes that |||t^||| > £|||t;"^||| then 

.^2) infill > (e^^^ - a{r)) e - a{r) 

\Wv'^\W ~ 6-^2^+1 + (j(r) + eo-(r) ' 

Since e^^^ > e^^^+^ one can choose 1 < i? < e^^^~^^^+^. For sufficently small 
r > one concludes from (72) that 

Inductive application of this estimate shows that for u{k) = v{k) © v'^{k) one 
has 

||b(n* + i)||| ^ , , 
\\\v^{n* + t)\\\ 
as long as 1 + e{n^ + i) < 
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Thus if lim sup„^(,o ||7rjti(n)||/||u(n)|| > 0, then 

Uminf ||7r,u(n)||/||t;=(n)|| > 5/2a{r), 

with r > arbitrarily small. Hence ||7rju(n)||/||n(n)|| — ^ 1 as n — ^ oo. 

Having established the alternative (71) along a sequence n y oo we now 
assume that 

limsup 1177^^(^)11/11^(^)11 > £ > 0. 

t/'oo 

Then for any r > there is a to > such that ||'u(t)|| < r iov t > to and 
\\7rju{to)\\/\\u{to)\\>e. 

The previous arguments imply that lim„yoo l|7T'j'w(tn)||/||f^(in)|| = !> where 
tn = to + n. 

Splitting u{t) = v{t) ® v'^{t) as before we have ||f (tn)|| = o(||w'^(tn)||) for 
n y oo. To estimate v{t) and v'^{t) for t G (tn,t„+i) we write 

u{tn + e) = d^e{u{tn)) = Me{u{tn))u{tn), 

where Ai0{u) = d^0{su)ds. 

Since $ is a differentiable semiflow the map {6,u) ^ A^e(n) is strongly 
continuous. Hence, for small enough r > the operators {Mg{u) \ < 9 < 
1, ll'f^ll < f} are uniformly bounded. Since E2j is finite dimensional, the map 
(9, u) M.g{u)\E2j is norm continuous. In particular, there is a r(r) > with 
r(r) \ for r \ 0, such that 

\\Me{n)\E.,-e'^\EjLiE.,,h^.) < T{r) 

if \\u\\ < r and 6 G [0, 1]. 

We have the following estimates: 

\\v{tn + e)\\ > \\7TjMe{u{tn)Htn)\\ - \\TTjMe{u{tn))v''{tn)\\ 

> ||7r,-e^'^t;(t„)|| - |k,(A^e(n(t„)) - e''^)v{tn)\\ 

- \\7:jMe{u{tn))v''{tn)\\ 
>e'^^^\\vitn)\\-Tir)\\v{tn)\\-o{l)\\vitnn 

(use \\v%tn)\\=o{\\v{tnm. AlsO 

\\v'{tn + 9)\\ < \\7T^Me{u{tn))v{tn)\\ " \\7r'jMe{u{tn))v'{tn)\\ 
< Tir)\\vitn)\\ + 0il)\\vitn)\\ 
= 0{l)-\\vitn)\\ 

which together imply ||i''^(tn + ^)|| = o(||t;(i„ + ^)||) as n y oo, uniformly in 
^G[0,1]. □ 
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Lemma 8.2 (Notation as in Lemma 8.1). For any solution {u{t) \ t>Q} 
of curve shortening which converges to u = there exists a j such that 

lim = 1. 

t->oo ||u(f)|| 

In particular one has \\u{t)\\ > Ce~^* for some ( < oo. 

Proof. If the limit were for all j then the solution u{t) would approach 
u = faster than any exponential, and so we must prove the lower bound 

\\u{t)\\ > Ce-^K 

There is a standard approach for proving exponential lower bounds on 
decay in heat equations due to Agmon (see [19, §2.18, p. 181]) which is used 
to prove backward uniqueness results. This approach would work here, but 
it would require us to differentiate the functions a{x,u,p) in the PDE twice, 
thereby forcing us to consider metrics g on M with at least three derivatives. In 
order not to use more than just g G /i^''* we follow the less standard approach 
from the appendix in [3] which applies to semilinear equations. 

To rewrite curve shortening as a semilinear equation we study the evo- 
lution of the curvature as a function of renormalized arclength. Let 7 : 
M/Z X [0,t*) — s- M be a normal parametrization (i.e. dtj -L d^^) of a solu- 
tion of curve shortening. Write L{t) for length at time t, let Pt be the point 
7(0, t) (so that Pt moves with velocity perpendicular to the curve always) and 
define the normalized arclength coordinate ? of any point Q = ^{x,t) on 7^ by 

('^^^ lit) r I® /r*- 

We also introduce a new time variable related to t via 

dt 



L{tr 

Proposition 8.3. The curvature k, as a function of t andq, satisfies 

(74) Kr = K„ + L{Tf {J[k\k^ + {Ko 7)k + H?] 

where ^ 

J[n\ = / K^d<^ ~ ^ K^d(^. 
Jo Jo 

Proof. A straightforward calculation begins with differentiating (73) with 
respect to t to get 



dt 

Then the chain rule 



? / K^d? — / K^da. 
Jo 



after some simplification leads to (74). □ 
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Since the limiting geodesic u = has positive length the new and old 
time variables t and r are roughly proportional, so it suffices to establish an 
exponential lower bound for the solution in the r variable. 

The equation (74) is semilinear, and can be written as 

Kr = An + TZ{t)k 

where A = (9?)^ — LqKo{x), with Kq{x) = K{a{x,0)), is the Gauss curvature 
on the X axis, and Lq is the length of the x-axis. The "remainder" operator 
7^(T) is 

7^(r) = L(r) V[k(t)] ^ + k'' + {K o - K o j^). 

This operator is bounded from the Sobolev space W^''^(R/Z) to L2(M/Z). If 
we assume that ||7rj'u(t)||/||«(t)|| — > for all j then the coefficients in TZ decay 
faster than any exponential e~'»'^ and thus the operator norm of TI{t) from 
W^'^{R/Z) to L2(M/Z) also tends to zero. 

The eigenvalues of the self-adjoint operator A on grow like n^, so the 
n^^ gap in the spectrum of A has length proportional to n. This is exactly 
enough for the argument in [3, Appendix] and we can conclude that no solution 
of curve shortening can approach a geodesic at a faster than exponential rate. 

□ 

University of Wisconsin-Madison, Madison, Wisconsin 
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